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Preface

The aim of the current work is to present an autonomous theory of harmonic
functions on infinite networks akin to potential theory on locally compact spaces
as developed primarily by Brelot (without sanctioning any explicit role for the
derivatives of functions defined on the space). Though random walks and electrical
networks are two important sources for the advancement of the present theory,
neither probabilistic methods nor energy integral techniques are used here to prove
the results in an infinite network. The relevance of this study is partly because
in many infinite networks (like homogeneous trees, for example), any real-valued
function defined on the network is a difference of two superharmonic functions.

We consider principally the classification theory of infinite networks based on the
existence of Green functions, bounded harmonic functions etc., and then balayage,
equilibrium principle, domination principle, Schrodinger operators, polyharmonic
functions and the Riesz-Martin compactification of the network. An important
feature is the study of parabolic networks. These are the networks on which no
positive potentials exist or equivalently, these are the networks on which the Green
function cannot be defined. On parabolic networks we investigate the properties
of pseudo-potentials (analogous to logarithmic potentials on the complex plane)
introduced via a development of a notion of flux.

My sincere thanks go to the referees who read the manuscript and made valuable
comments.

Ramanujan Institute for Advanced Study in Mathematics Victor Anandam
University of Madras
March 2011
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Chapter 1
Laplace Operators on Networks and Trees

Abstract This work is an autonomous study of functions on infinite networks
reflecting potential theory on locally compact spaces, influenced by the function
theory associated with random walks and electrical networks. Starting with an
overview of the contents of the five chapters presented here, this chapter introduces
harmonic and superharmonic functions and their basic properties in networks.
A discrete version of the Green’s formula is given and the Minimum Principle
for superharmonic functions is proved. Infinite trees as a special case are seen
to provide examples and motivations for the development of an abstract discrete
function theory on infinite networks.

1.1 Introduction

A graph consists of a finite number of points (called vertices) and a finite number of
lines (called edges) joining some of them. The graph theory studies the inter-relation
between the vertices and the edges (for example, [66]). Now for some problems, the
edges have to be oriented in which case the graph is called a digraph. It would be
easier to represent a digraph by its incidence matrix of order n x m, where m is
the number of edges and n is the number of vertices, with entries —1,0 or 1. The
interest in graph theory comes from the fact that many real-life situations can be
represented as graphs.

Take for example, the postman problem: The postman collects the post from the
post office and walks through all the streets in his beat, distributing the letters and
finally returns to the post office. His problem is how well to choose a route so that,
if possible, he does not go through any street more than once, yet covers all the
streets. To solve this, we can think of each street corner as a vertex and each street
as an edge, thus getting the model of a graph; the problem now reduces to finding
a path that contains all the edges once and once only. Like this, there are other
problems connected with chemical bonding, bus routes, work assignments etc. In
some situations like bus routes, the distance between two vertices (that is, between

V. Anandam, Harmonic Functions and Potentials on Finite or Infinite Networks, 1
Lecture Notes of the Unione Matematica Italiana 12, DOI 10.1007/978-3-642-21399-1_1,
© Springer-Verlag Berlin Heidelberg 2011



2 1 Laplace Operators on Networks and Trees

two bus stops) may be important. That is, each edge has a real number associated
with it and then we have weighted graphs. It is interesting to study these geometrical
structures of a graph for their own merit. But it would be more fruitful to represent
a physical problem as a graph theory problem and try to solve it.

Though graph theory generally deals with a finite number of objects and their
inter-connectedness where the geometrical aspects of graphs play a decisive role,
yet there are also problems that involve functions on finite graphs. For example,
consider a finite electrical network. This can be represented as a graph [32] provided
with a voltage-current regime subject to Ohm’s law and Kirchhoff’s voltage and
current laws. Here we are interested not only in the geometrical properties of
a finite graph but also on functions defined on nodes and branches satisfying
certain conditions. In this context, the incidence matrix of the graph takes care
of the geometrical properties of the graph and for the function-theoretic aspects
one introduces the Laplace operator A dependent on the incidence matrix and its
transpose which can be considered as operators on functions defined on its edges
and vertices.

There is another development which requires the study of infinite graphs.
Consider finite difference approximations of equations in physics; some of them
lead to partial difference equations [14]. The approximations to find a solution
involve horizontal and vertical displacements and so can be treated as functions
on an infinite grid in the context of electrical networks. Take for example, wave
equations; the domain of existence of the solution may be unbounded, suggesting a
problem in a graph with infinite vertices [73]. Another example of an infinite graph
arises in the study of Markov chains [68]. A Markov chain consists of a countable
number of states provided with a transition probability and the Markov property
which says that given the present, the past and the future are independent.

The study of functions on infinite networks has thus far been carried out on
the background of Markov chains and random walks or on the requirements of
extending results from finite electrical networks to infinite networks. There are
many common features in these two developments. Actually, a close connection
has been established between the concepts like transition probabilities, transience,
recurrence, hitting time etc. used in the probabilistic study of functions on infinite
networks and the concepts like effective resistance, equilibrium principle, capacity
etc. used in a current-voltage regime in electrical networks. The effective resistance
has a close relation to the escape probability for a reversible Markov chain [59, 64]
which is characterized by the transition probability from one state to another.
The similarity between the conductance and the transition probability is obvious.
Consequently, it is not uncommon to see a problem arising in the context of random
walks being solved by electrical methods and conversely. The electrical methods
make use of functional analysis techniques, starting with the Dirichlet norm (the
discrete analogue of the energy integral in the classical case) and its associated
inner-product. Thus, the abstract potential theory on infinite networks, as developed
by Yamasaki [70], Soardi [63] and others, is a study of Dirichlet finite functions
(modeled after Dirichlet functions in the classical potential theory) dealing with
discrete analogues of the solution of Poisson equation, Green’s function, extremal
length, Royden decomposition and Royden compactification.



1.1 Introduction 3

The current work presents an autonomous study of functions on infinite networks
influenced by potential theory on locally compact spaces which does not assign
any direct role for the notion of derivatives of functions. Initially, finite networks
provided with the Laplacian operator are taken up for the study, the development
depending on algebraic methods starting with the incidence matrix. We can call this
algebraic potential theory because of the association of the Laplacian (represented
as a matrix) with electric potentials [24]. Later, infinite networks, with the Laplace
operator defined as in the finite case, are taken up for consideration. In this situation,
the development resembles the study of harmonic and subharmonic functions in
the complex plane or more generally in R, n > 2 [10,27,53], and in the Brelot
axiomatic potential theory [17, 28, 40]. Here the Dirichlet norm does not play a
dominant role; nor are the probabilistic interpretations considered. However, in both
the finite and the infinite cases, the important basic properties and significant results
like the equilibrium principle, the condenser principle, the capacity etc. that are
related to an electrical network come as solutions to the following Dirichlet-Poisson
problem on the (finite or infinite) graph X, namely: Let F' be a subset of the vertex
set X. Suppose f and g are real-valued functions on X . Then, find u defined on the
vertex set X satisfying the conditions Au = f at each vertex in F' and u = g on
X\ F.

The present work is rather like a discrete version of function theory on Riemann
surfaces [3, 39, 58, 65] and Riemannian manifolds [60], devoid of any attempt to
connect it to any of the many important works on electrical networks and random
walks. We develop a function theory on networks similar to the classical and the
axiomatic potential theory on Euclidean spaces and on locally compact spaces. The
basic definitions of potentials, Green’s kernel, balayage etc. are introduced here as
in the case of the Brelot axiomatic theory rather than as in the theory of probability
([31] for example). Yamasaki [69, 70] also has proved many potential theoretic
results in an infinite network without involving the methods used in the study
of random walks. However his study is based on Dirichlet norms and functional
analysis methods, resembling potential theory on Dirichlet spaces studied by Deny
[41,42], Beurling and Deny [22,23], Fukushima [46], Bouleau and Hirsch [26] and
others. These methods are not convenient if we have to study potential theory on
infinite networks in which the only non-negative potential is 0. Thus a deeper study
of infinite networks without positive potentials as in the case of parabolic Riemann
surfaces becomes cumbersome. Under these circumstances, the approach we have
adopted here is easy to deal with situations in infinite networks that resemble those
of Riemann surfaces that are hyperbolic or parabolic.

Chapter 1 is devoted to some preliminary remarks concerning networks and
trees, the interior and the boundary of subsets in a network, inner and outer normal
derivatives, Green’s formulas, the definition and some properties of superharmonic
functions and the minimum principle.

Chapter 2 brings into focus certain aspects of potential theory on finite networks.
The Laplacian is represented by a matrix and the properties of this matrix lead to
the minimum principle, domination principle, equilibrium principle and solutions to
some mixed boundary-value problems like Poisson-Dirichlet problem and Neumann
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problem in a finite network. It is easy then to consider in a similar vein the
Schrodinger operators in finite networks. These results in a finite network are
already proved in Bendito et al. [20] by assuming the symmetry of conductance
and then constructing equilibrium measures appropriate to each principle. Ours is a
unified method based on the inverses of certain sub-matrices of the Laplace matrix.

Chapter 3 deals with the classification theory of infinite networks. It starts
with the first broad division of networks into hyperbolic and parabolic networks,
depending on whether it is possible or not to define the Green kernel on the network.
A hyperbolic network is further classified based on the existence of non-constant
positive and bounded harmonic functions on the network. This leads to the Riesz-
Martin representation of positive superharmonic functions on a hyperbolic network.
Later a study of parabolic networks is taken up, starting with the construction of a
kernel like log |« — y| in the plane. The notion of flux at infinity of a superharmonic
function is discussed in detail. Balayage and Dirichlet problem on arbitrary subsets
of a parabolic network receive attention. Then, an introductory study of pseudo-
potentials (similar to logarithmic potentials in the plane) follows.

Chapter 4 is devoted to the potential theory on an infinite network X associated to
the Schrodinger operator Au(z) — q(x)u(z), for an arbitrary real-valued function
Ag(x)

§(x)
on X. This condition implies that q can take negative values, but ensures that there
exists a positive g-superharmonic function on X. With respect to this operator, the
topics like generalised Dirchlet problem, balayage, condenser principle, equilibrium
principle, etc. are investigated. This example of two related harmonic structures, one
from the Laplace operator and the other from the Schrodinger operator, in the same
infinite network is later generalised to study the relation between a basic harmonic
structure and a subordinate harmonic structure on X.

Chapter 5 takes up the study of polyharmonic functions on an infinite tree 7.
A real-valued function s on X is said to be polysuperharmonic of order m or simply
m-superharmonic (for an integer m > 1) if (—A)™s > 0. Actually, to characterize
m-superharmonic and m-harmonic functions, we build up on the solutions u to
the Poisson equation Au = f for an arbitrary real-valued function f on X. Since
the solutions to this equation are not easily available in an arbitrary network, we
have to confine our study of polyharmonic functions defined on a tree 7' only.
For polysuperharmonic functions on 7', Laurent decomposition, m-harmonic Green
functions, domination principle, balayage etc. are obtained. Finally, the Riesz-
Martin representation for positive m-superharmonic functions is exhibited.

¢(x) and then more specifically when g(z) >

for some function & > 0

1.2 Preliminaries

Let X be a countable (finite or infinite) set of points, called vertices, some of them
pair-wise joined by edges; we say that the edge [x, y] joins the vertices x and y. Let
Y denote the set of edges which are assumed to be countable. Denote x ~ y to mean
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that there is an edge [, y] joining : and y, in which case the vertices x and y are said
to be neighbours. A vertex e is named terimal if it has only one neighbour. A walk
from 2 to y is a collection of vertices {x = xg, x1, ..., x, = y} Where z; ~ 2,41 if
0 < < n — 1; for this walk, the length is n. If the vertices in the walk are distinct,
the walk is referred to as a parh. The shortest length d(z, y) between x and y is called
the distance between x and y. We also assume that given any two vertices x and v,
there exists an associated non-negative number, called conductance, t(x,y) > 0
such that t(x, y) > 0 if and only if  ~ y. Then N = {X,Y ¢} is called a nerwork
if the following conditions are also satisfied:

1. There is no self-loop in N, that is no edge of the form [z, z] in Y.

2. Given any vertices x and y in X, there is a path connecting x and y. (That is, X
is connected.)

3. Every x € X has only a finite number of neighbours. (That is, X is locally

finite.)

Instead of writing N = {X,Y, ¢}, we simply write X to refer to a network. If
t(x,y) = t(y, ) for every pair of vertices = and y, then we say that X is a network
with symmetric conductance. A network X is called a tree if there is no cycle in X,
that is there is no closed path {x1, z2, ..., ¥, 21} with n > 3. An infinite tree T is
said to be homogeneous of degree ¢ + 1, if each vertex in 7" has (¢ + 1) neighbours.
A tree T is said to be a standard homogenous tree of degree q + 1 if every vertex
in T has exactly (¢ + 1) neighbours and t(z,y) = (¢ + 1)~ if x ~ y. If a tree
T is considered in the context of probability, we denote the conductance as p(x, y)
instead of t(x, y), so that > p(z,y) = 1 for any x € T. We refer to p(z, y) as the

y~w
transition probability from x to y. It is important to note that in a tree 7', if x and y
are any two vertices, then there exists a unique path joining  and y.

0
For any subset E of a network X, we write & = {x : « and all its neighbours are

inE}and OF = E\ % . LOC is referred to as the interior of E and OF is referred to as
the boundary of E. This definition of boundary differs from the one used by Chung
and Yau [35] and Bendito et al. [18]. According to them, y ¢ F is a boundary point
of E if and only if there exists a vertex x in F such that  ~ y and the collection
of these boundary points is the boundary 0 ' of E. However, the definition of the
boundary OF given here is preferable in the case of infinite networks, since for many
boundary-value problems like the Dirichlet problem the boundary function will be
defined on £ only. So it is convenient to define the boundary OF as a subset of E
rather than as a subset lying outside E. Note that for a non-empty subset £/, we have

0
E = Fifandonly if E = X. An arbitrary set £ in X is said to be circled if every
0
vertex in OF has at least one neighbour in F. That is, £ is circled if and only if

o
E = % UJ E, if we use the notation of Bendito et al. [20].
Example: Let e be a fixed vertex. For any vertex x, let |x| denote the distance
between e and x. Then B,,, = {x : || < m} is circled. For an example of a non-
circled set, we can consider in a homogeneous tree of degree ¢ + 1, ¢ > 2, the set



6 1 Laplace Operators on Networks and Trees

E consisting of By, and one more vertex z, |z| = m + 1, and the edge connecting z
to By,. Write V(E) to denote the union of F and all the neighbours of each vertex
of E, thatis V(E) = EU{y : y ~ z for some « € E}. In particular, V (x) denotes
the set consisting of x and all its neighbours. Remark that if E is connected, V' (E)
also is connected. Also note that for any set £, V(E) is circled. For, if F = V(E),

0
then £ C F. Hence if z € OF, then by definition, z has a neighbour in £ and hence

in ]g . Note that V (E) is the same as ¥ = F U ¢ F in the notations of [20].

For x € X, write Ey = V(x). Then, F; is connected and circled. Let Ey =
V' (E1) which is also connected and circled. Inductively, define E,, = V (E,,_1) for
n > 3. Then {E,} is an increasing sequence of finite, connected and circled sets

such that E,,11 D E, and X = |J E,,, which is referred to as a regular exhaustion

of X. For any subset A in X, A° denotes X \ A, the complement of A in X.

o€ 0
Proposition 1.2.1. Let A be circled, and B = A . Then 0B = A and B = A¢;
also, B is circled.

o€ 0
Proof. Note B=A = A°|JOA. Let z € OA. Then, for some y € A, y ~ z; thus
z € 0A C B, but a neighbour y of z is not in B, hence z € 0B. Conversely, let
0 0
b€ 0B. Then, b~ aforsomea € X\ B= A.Sincea € Aanda ~ b, we should

0 0
have b € A\ A, which means b € JA. Consequently, 0B = 0A and B = A°.
To show that B is circled, take b € 9B. Since 9B = 0A, b should have a

neighboura € A¢ = %. Hence B is circled. O
Proposition 1.2.2. Let E be an arbitrary set and F =V ( LOU). Then LOC = Jg and
OF C OF; also F is the largest circled set contained in E.
Proof. By definition, ﬁ; - }(«)T Since F' C E, we also have }(«l C ]%. Hence ]% = }(?)‘.
To see OF C OF, first note that OF N ](E)? = 0F N }?’ = ¢. Then, ]}%U@F =
JgU(')F =FCFE= ]% UOFE implies that OF C OF. V(]%) is circled by definition
and V ( j%) C E.

Suppose the circled set A C E. Then 1(4)1 C ]%. Let z € QA. Then there exists
z € 21 such that z ~ z. Since z € ]% and z ~ x, we find that z € F. Hence 9A C F.
Then,AzgluaACE%Ule?‘UF:F. O

A lower semi-continuous function v > —oo on an open set w in the Euclidean
space R, n > 2, is said to be superharmonic on w if u is not identically oo and if
for each a € w, there exists a closed ball B(a, R) C w such that u(a) > Ju(a+

s

r)do(§) if 0 < r < R. Here S is the unit sphere and o is the normalised surface
area measure on S, so that o(S) = 1. Suppose u is a locally Lebesgue integrable
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function on w such that Au < 0 in the sense of distributions. Then, there exists a
superharmonic function v on w such that v = v a.e. [27, p.43]. In analogy with this
result, superharmonic functions on a network are defined as follows:

We consider now functions defined on subsets of a network X. In this presentation,
we assume that all functions are real-valued.

1. For z € X, and for a function f defined on V' (x), define the Laplacian

Af(w) =Y tw,x:)[f(w:) = f(@)] = —t(@)f(2) + Y ta,z:) f (),

xT~T; r~I;

where t(z) = > t(x,z;); note t(x) > 0 forany = € X.

2. We say that f is harmonic (respectively superharmonic, subharmonic) at x if
Af(x) = 0 (respectively Af(z) < 0, Af(x) > 0). A function f defined
on an arbitrary set E is said to be harmonic (respectively superharmonic,
subharmonic) on E if and only if Af(z) = 0 (respectively Af(z) < 0,

Af(x) > 0)forevery x € EOC.

Remark 1.2.1. 1. Some authors prefer to define a real-valued function u as a
harmonic function on E provided its Laplacian is O at every vertex of E. This
presupposes that u is defined on V(E). But for the topics we discuss here, such
as the Dirichlet problem, the minimum principle, the condenser principle etc.
w is either not defined outside E or its value outside £ is not of consequence.
Hence, it becomes important to distinguish between the interior and the boundary
vertices of E.

2. It is possible, in the definition of a network X, to leave out the condition that
each vertex has only a finite number neighbours. But then, we should assume
that > t(x,y) < oo for all  in X; also, instead of defining the Laplacian A f

y~z
for any real-valued function on f on X, we should confine ourselves to those

real-valued functions u on X for which Y ¢(x,y) |u(y)| < oo for any x in X.

y~x
In that case, > t(z,y) [u(y) — u(x)] will make sense, since
Yy~x
Yt y) fuly) —u(@)] < Y tle,y) fuly)| + u(@)] Y tz,y)

for any x in X.

Proposition 1.2.3. Ifu and v are superharmonic on a subset E of X and if o, 3 are
two non-negative constants, then au + v and inf(u, v) are superharmonic on E.
Moreover, if uy, is a convergent sequence of superharmonic functions on E such that
u(x) = limw, () is finite for every vertex in E, then u is superharmonic on E.
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0
Proof. If x € E, then by hypothesis Au(z) < 0 and Av(z) < 0. Hence
Alau + fv)(x) = aAu(z) + BAv(z) <0.

Hence, au + (v is superharmonic on X.

To show that s = inf(u,v) also is superharmonic on F, that is s(z)
inf(u(z),v(zr)) for x € E, assume without loss of generality that s(z) =
u(x). Then,

As(x) = > tw, wi)[s(xi) — s(2)]

T;~vT

= >t wi)[s(zi) — u(z)]

T;~vT

22ty w)[u(w:) — u(@)]

ZTi;~vT

= Au(z) <0.

IA

Hence, s = inf(u, v) is superharmonic on E.

0
Finally concerning the limit of superharmonic functions, for any x € F,

Haun () = 3 b, y)un ).

y~z

Since the summation is over a finite number of terms, taking limits we conclude

ta)u(z) = Ytz y)uly).

y~z

That is, u is superharmonic on F. O

Remark 1.2.2. 1In the classical potential theory, we should pay more attention when
we consider the limit of superharmonic functions on an open set. If v, is an
increasing sequence of superharmonic functions on a domain w, and if v = sup v,
is finite at one point in w, then v is superharmonic on w. But if w,, > 0 is a
decreasing sequence of superharmonic functions on w, then u = inf u,, need not
be superharmonic on w. However, there is a superharmonic function s on w such
that s = w a.e. on w. In fact, the second statement is a simplified version of the
convergence theorem for superharmonic functions in the classical potential theory
[27, pp. 74-78].

1.2.1 Examples of Superharmonic Functions on Networks

1. The constants are the only superharmonic functions on a finite network X. For, let
s be a superharmonic function on X. Let z be a vertex in X such that s(z) < s(z)
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for every 2 in X. Now As(z) < 0 which implies that

0> As(z) = > t(z,2)[s(x;) — s(2)] > 0, since s(z) < s(x).
Consequently, s(z;) = s(z) for all z; ~ z. Since X is connected, any z in X
can be connected by a path {z,z1, 2, ...,x, = x}. Then, the above argument
shows that s(x1) = s(2), then s(x2) = s(x1) = s(2) and so on. This permits us
to conclude that finally s(z) = s(z). We conclude therefore that s is a constant
on X.

2. Example of an infinite network in which every harmonic function is constant, but
non-constant superharmonic functions exist. Let X = {0,1,2, ...} be an infinite
network, with £(0,1) = 1, #(1,0) = § and t(n,n + 1) = t(n + 1,n) = 3 if
n>1.

(a) Any harmonic function on X is a constant. For, let i be a harmonic function
on X, and suppose h(0) = a. Then,

0 = AR(0) = £(0, 1)[A(1) — A(0)], so that h(1) = (0) = a. Again,

0 = Ah(1) = #(1,0)[(0) — h(1)] + £(1,2)[A(2) — h(1)],
so that h(2) = h(1) = a.

Similar calculations show that h(n) = a for all n > 0.

(b) However, non-constant superharmonic functions exist on X. For example,
sets(n) = a—na,n > 0,a > 0. Then, As(0) = —a < 0and As(n) = 0if
n > 1. We say that s is a superharmonic function on X with point harmonic
support at 0, since s is harmonic at every vertex except 0 and at the vertex 0,
s is superharmonic but not harmonic.

3. Example of an infinite tree with non-constant positive superharmonic functions.
Let T be a standard homogeneous tree of degree 3, that is every vertex has exactly
3 neighbours and the transition probability p(z,y) = % if x ~ y. Let us fix a
vertex e in 7. For any vertex x in 7', there is a unique path from e to = and let us
denote the length of this path as || = d(e, z). Note that for any vertex x in T,
with |2| = n > 1, there is one vertex y with |y| = n — 1 and two vertices z with
|z| =n + 1. Let s(x) = 2'~1#I. Then,

AS(JZ) — % [21—(n—1) _ 21—n} 4 % [21—(n+1) _ 21—n] =0,

if |z] =n > 1,and

As(e) = > pley) [s(y) — s(e)]

y~e

=T in-g=-1

y~e
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Hence, s is a positive superharmonic function on 7" with point harmonic support
ate.

4. Example of a tree with non-constant positive harmonic functions. Let T =
{...,=3,-2,—-1,0,1,2,3,...} be a tree, each vertex n having only two neigh-
bours, with the transition probabilities p(n,n + 1) = 3 and p(n,n — 1) = 1 for

any n. Then, h(n) = 37" is a positive harmonic function on 7. For,

Ah(n) = 2 [h(n + 1) = h(n)] + 4 [h(n — 1) — h(n)]

— %[37n71 _ 3771] 4 i[3fn+l _ 3771] =0.
Let s(n) = 1ifn < 0 and s(n) = 37" if n > 0, thatis s = inf(h(n),1).
Then, As(0) = —3 and As(n) = 0if n # 0. Hence, s is a bounded positive
superharmonic function with point harmonic support at the vertex 0.

5. Example of a lattice in which non-constant positive superharmonic functions
exist but every positive harmonic function is constant. Let X be the set of
lattice points in R, of the form (a, b, ¢) where a, b and c take the values . ..,
-2,-1,0,1,2,.... Take t(x,y) = 1if & ~ y, otherwise t(x,y) = 0. Then,
Courant constructs in the context of random walk and diffusion in a lattice
[45, Sect. 3] the Green function g(a,b,c) > 0 such that Ag(0,0,0) = —1,
Ag(a,b,c) = 0 otherwise, and g(a, b, ¢) — 0 when a? + b2 + ¢* — oo. Duffin
obtains various asymptotic properties of g(a, b, c) and proves that any positive
harmonic function on X is a constant.

1.3 Green’s Formulas

We shall prove now a version of the Green’s formula in an infinite network and in
a tree, motivated by a result of Duffin’s in the above-mentioned discrete situation
of lattice points in the Euclidean space R?, of the form (a, b, c) where a,b and ¢
take on the values ..., —2, —1,0, 1, 2, ... For a real-valued function u on these lattice
points, Duffin defines the Laplace operator D as

Du(a,b,c) =u(a+1,b,¢)+ula—1,b,¢) + u(a,b+1,¢) +u(a,b—1,c)
+u(a,b,c+ 1)+ u(a,b,c — 1) — 6u(a, b, c).

Concerning the operator D, Duffin [45, p.233] remarks: In physical problems the
operator D is often used as an approximation to A. There are, however, some
problems in which D appears directly, such as random walk and diffusion in a
lattice. This concerns the motion of a particle which at each lattice point has
an equal probability of jumping to a neighbouring lattice point. Another direct
application arises if the lattice lines are regarded as metallic wires. This gives an
infinite electrical network. If the electric potential of the lattice points is denoted by
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u, then at every insulated lattice point, Du = 0. At a source point, Du = —w where
w s the current entering this lattice point. These physical models are of suggestive
value for the analysis of D.

Using this operator D, the classical Green’s formula

//(ng—gAf)do=/(f— —ggf> s

w Ow

is shown to take the following form in the discrete case [45, Lemma 1]: Let v and v
be lattice functions and let £ be a finite set of lattice points. Then

> (uDv —vDu) =Y "[v(p)ulq) — ulp)v(q)]-

E S

Here Z denotes the summation over E and Z denotes the summation over the set

S of pomts (p, q) where p and ¢ are nelghbours p being in E and ¢ being in the
complement of F.

Such a formula in the discrete analysis on graphs [67] and in the framework of
finite networks [18, Proposition 3.1] is known. Now, we have defined the Laplacian
only for the interior vertices of E. A useful similar operator at the boundary vertices
is the inner normal derivative [1]. If f is a function defined on a subset F of X, and
if £ € OF, then the inner normal derivative of f at £ is defined as

) = Y el ) - 1O

yeE

If f is defined on X, and for a subset F, if £ € OF then the outer normal derivative
of f at £ is defined as

D) = Y el o)~ 1@

yEE
Note that in the case of f being defined on X, if £ € OF, then

0 0
8n_+f(£) + 8n—_f(§)-

Af(§) =
Let E be a subset of X. Let us say that an edge L in X is an edge in F if and only if
both the ends of L are vertices in E. Then, E can be considered as a graph, maybe
not connected. Let us denote by A%, the restriction of A to the subset E. That is,

for any function f on E, A%, f(x) = Af(z) ifx € E and A%, f (&) = dn f&)if
£ e Ok,
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Proposition 1.3.1. Let E be a finite subset of a network X with symmetric
conductance . Let f be a function on E. Then, > Af(x)=— Emi_f(g)
£COE

;CEE'
Proof. Note that ;EA;;f(z) = ZO Af(z) + 6eza;EAtEf(g) = ZO Af(z) +
S G f(€). But Y Apf(z) = X tp)lf () — £(2)] = 0, for in the

E€EOE zelR y,2€E

second sum, corresponding to each term ¢(z, y)[f(y) — f(z)] appearing in the sum,
there is a term ¢(y, 2)[f (2) — f(y)] which cancels it out since t(z,y) = t(y, z), with
the assumption of the symmetric conductance. Hence we obtain the proposition. [

Note. If s is a harmonic function on a finite subset F, the expression a%s(f )

ECOE
is known as the fotal inward flux of s on /. Thus, the total inward flux of a harmonic

function h on a finite set £’ should be 0. Given two functions f and g on a finite
subset F of X, we write

(Fop =35 3 twn)lf@) -~ FOllo) - o)

z,yelE

The following is a slight variant of the results given in Bendito et al. [18].
Theorem 1.3.2. (Green’s formula) Let f and g be two functions defined on a
finite set E in a network X with symmetric conductance. Then, >, f(x)Ag(zx) +
0
TER

(f.9)e=— % f(z2q().

€COE

Proof. Extend f and ¢ arbitrarily outside E. Then, for x € FE, Ag(z) =
> t(x,y)[g(y) — g(x)] so that
yEX

S F@)Aglx)

> Dty f@lgy) - g(@)]

=3 3ty f@)gly) - 9(@)
+ D03 ) f(@)a(y) - g(@)).
r€Ey¢E

On the right side, in the first sum there are two terms t(z, y) f(z)[g(y) — g(x)] and
)

Y
t(y, x)f(y)lg(x) — g(y)] whose sum is —t(z,y)[f (y) — f(@)][g(y) — g()]; in the
second sum, t(z,y) > 0 if and only if z € OF since y ¢ FE, so that it can be

rewritten as
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0 0

D FO7 796 = D f(OIA9(€) — 5=a(©)).

E€OE on* £€OE on
Consequently, Y- f(2)Ag(x) = —(f,9)e — > f(&)z5=9(&). O

me% E€OE
Corollary 1.3.3. Let f and g be two functions defined on a finite set E in a network
X with symmetric conductance. Then, > [fAg — gAf] = = >7] 8‘19, — gaif, ]

0 OE

E

Proof. Since (f,9)r = (g, f)E, the corollary follows from the above theorem. 0O

Remark 1.3.1. Suppose X is an infinite network with symmetric conductance. Then

0X = ¢. The question is whether the above Green’s Formula will yield the

dissipation formula (f, f) = — >_ f(x)Af(z). Kayano and Yamasaki [51] study
reX

the class of functions f for which this formula is satisfied.

1.4 Minimum Principle

0
Proposition 1.4.1. Let E be circled and E be connected. If s is a superharmonic

0
function on E that attains its minimum at a vertex in F, then s is constant.
0
Proof. Let @ = irElf s(x). By hypothesis, there is a vertex y € F such that

s(y) = a. Let z € ]% be an arbitrary vertex. Since ]% is connected, there is a
path {y, z1, ..., z, = z} connecting y and z. Since 0 > As(y) = > t(y, yi)[s(y:) —
s(y)], and s(y) is the minimum value, we conclude that s(y;) = s(y) = « for every
y; ~ y. In particular, s(z1) = «. Proceeding step-by-step, we arrive at the value

0 0
s(z) = a. Since z € F is an arbitrary vertex, s(z) = aforallz € F.

0
Let £ € OF. Since E is circled, for some x € F, x ~ £. Hence, by the earlier
remarks, s(z) = « and s(§) = a. Consequently, s = « on E. O

Remark 1.4.1. In particular, if s > 0 is superharmonic on X and if s(z) = O ata
vertex x in X, then s = 0.

A variation of the above Proposition 1.4.1 is the following.

Theorem 1.4.2. (Minimum Principle) Let E be an arbitrary proper subset of X.
Let s be a superharmonic function on F, attaining its minimum on E. Then iang s =

inf s.
E
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Proof. Let a = ianbfs and g = i%fs. Then, « > ([ > —oo. Suppose a > [3.

0
Then s(z) = [ for some z € F, by hypothesis. Choose y ¢E. There is a path
0
{z = o, 21,...,xn, = y} connecting z and y. Let ¢ be such that z;; € E for all

0
k<iandx,11 ¢ E.Theni < n.

Now, 0t(z) = t(2)s(z) > > t(z,zi)s(z) > BD t(z,z;) = Bit(z).

Zi™YZ

It is clear then s(z;) = ( for every z; ~ z. In particular s(z1) = (. Continuing
0 0
this process, we see that s(z;4+1) = 8. Now x;41 ¢ E,butx; 11 ~ z; € E . Hence
Zi+1 € OF. Consequently, i%fEs(m) < [, which is a contradiction. This proves
re
a= (. a
Corollary 1.4.3. Let E be a finite subset of X. Let u be superharmonic on E and
h be subharmonic on E such that w > h on OFE. Then, w > h on E.

Proof. Let s = u — h on E. Then, s is a superharmonic function on F such that
s > 0on JF. Since E is a finite set, s attains its minimum value on E. Hence, by
the Minimum Principle, s > 0 on E; thatis, u > h on E. O

The above corollary is very useful on many occasions in the following forms:

(a) Let E be a finite subset of X. Let u be a superharmonic function on E. Then,
for any z in E, u(z) > inafE u(z).
zE

(b) Let hy, ho be two harmonic functions on a finite subset F/ of X. If hy = hy on
OFE, then hy = hy on E.
(c) Let h be a harmonic function defined on a finite subset £ of X. Then for any
x € E, inf h(z) <h(z) < sup h(z).
z€0F 2€OFE

However, for the above assertions, the assumption that E is a finite set is
important. For, consider the following example of an infinite subset £/ where the
minimum principle in the form stated above is not valid:

Let X = {0,1,2,3,..} and E = {1,2,3,...} with t(n,n + 1) = aif n > 0,

0
ttn,m —1) =bifn > 1,a+b = 1,and a > b. Then, F = {2,3,4,...} and
OF = {1} . Let h(n) = ()" forn > 0. Then, forn > 2,

ah(n+1) +bh(n 1) = a @nﬂ +b (9>n_1

a a

B bt
(2 o )

= h(n).
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Hence, h is harmonic on E and bounded also. But h(z) < h(1) = ie%fE h(z) for all

xin E.

It is possible however to obtain useful modified minimum principles as given
below. (Remark that corresponding to the minimum principle for superharmonic
functions, we can prove a maximum principle for subharmonic functions. This is
because a function u is subharmonic if and only if —wu is superharmonic.)

Proposition 1.4.4. Assume that there exists a function p > 0 on X such that for
any superharmonic function s on X, if p+ s > 0on X, then s > 0 on X. Let u be
a subharmonic function on an arbitrary proper subset E of X such that u < p on
E.Ifu<0ondFE, thenu <0onkE.

Proof. Let v = sup {u,0}. Then, v is subharmonic on F and v = 0 on 9E. If v
is thought of as a function defined on X by taking values O outside F, then v is
subharmonic on X and v < p on X. Since p — v > 0 on X, by the assumption
—v > 0, thatis v < 0on X and hence u < 0 on F. O

Proposition 1.4.5. Suppose every positive superharmonic function on X is a
constant. Let s be a lower bounded superharmonic function on an arbitrary proper
subset E of X such that s > m on OF. Then, s > mon E.

Proof. Suppose s > Aon E. Let v = inf {s,m}. Then, v is superharmonic on
E and v = m on OF. By giving values m outside E, we shall assume that v is
defined on X. Then, v is superharmonic and also lower bounded on X. Hence by
the assumption, v is a constant which should be m. This implies that s > m on E.
O

Example of a tree in which any positive superharmonic function is a constant:
Let T' be a homogeneous tree, each vertex having exactly 3 neighbours. Fix a vertex
e and for x € T, write |z| = d(e,z) = the length of the unique path joining e

0

to x. Note that for any n > 1, if E,, = {z:|z| <n}, then E,, = F,,_1 and
OFE, = {z : |z| = n}.For|z| =n > 1,define p(z,y) = % ify ~ zand |y| = n—1
and p(z,y) = 7if y ~ x and |y| = n + 1; define p(e,y) = 3 foreach y ~ e. Let
h(z) = |x| . Itis easy to check that Ah(e) = 1 and Ah(z) = 0if z # e.

Suppose s > 0 is a superharmonic function on 7'. Let o = | ilnf s(z), so that
z|<m

for some z, |z| < m, a = s(z) < s(z) for all z € E,,. Let y be an arbitrary vertex

in T such that |y| > m. Let n be a large integer, n > |y| . Define h,(z) = a?;l;l :

which is harmonic at every = # e. Note then on 0E,,, s(x) > « = h,(z) and

on OE,, s(x) > 0 = hy(z). Then, by the Minimum Principle (Corollary 1.4.3),

s(x) > hy(x) on E, \é)m . In particular, s(y) > hy,,(y). Allow n — oo to conclude
that s(y) > «. As a consequence, we conclude that s(z) > « for all z € T. But
s(z) = a, that is the superharmonic function attains its minimum on 7. Hence s is
a constant (Proposition 1.4.1).
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1.5 Infinite Trees

A network need not have a symmetric conductance as in the case of the important
example of random walks where the probability of transition p(x, y) from a state x
to a state y may not be the same as the probability of transition p(y, z) from y to z.
In such cases, defining ¢(z,y) = $[p(z,y) + p(y, x)], we can obtain some useful
results. In some other occasions, the network may be a tree, in which case a different
method of obtaining symmetric conductance can be used.

An infinite tree T' is a connected, locally finite, infinite graph without self-loops;
moreover, if 2 and y are neighbours, there is no path {z = s¢, $1,..., 8, =y}, n >
2, with distinct vertices such that s; ~ s;41 for0 < i <n —1.0On T, it is assumed
that transition probabilities p(z,y) > 0 are given such that p(x, y) > 0 if and only
if 2 and y are neighbours and > p(x,y) = 1 forany x in 7.

~T

T is said to be a standa}l’/d homogeneous tree of degree ¢ + 1, ¢ > 2, if
each vertex has exactly (¢ + 1) neighbours and p(z,y) = (¢ + 1)~ if 2 ~ y.
Analogously, we can think of a standard homogeneous tree of degree 2 as follows:
T = {...,x_9,2_1,%0,%1, %2, ...}, each vertex x; having only two neighbours
x;—1 and x;y1, and p(x;, vi41) = p(wi,xi-1) = % for every x;. (In the study
of superharmonic functions on a standard homogeneous tree 1" of degree ¢ + 1,
there will be many differences when the order ¢ = 1 and ¢ > 2.) Fix a vertex
e in T and for a vertex = in T, denote |x| = d(e, x), the distance of = measured
from e. That is, if {e,z1,22,...,x, = x} is the (geodesic) path connecting z to
e, then |z| = d(e,x) = n. Define the function s on 7" such that s(e¢) = 1 and
s(x) = ¢~ %if |x| = i > 1. Note that if |z| = i, then = has only one neighbour y
with |y| = ¢—1 and ¢ neighbours z;,1 < j < ¢, such that |z;| = ¢+ 1. In a standard
homogeneous tree 7', it is easy to assert the existence of many non-proportional
harmonic functions on 7', with the help of the following proposition.

Proposition 1.5.1. Let e be a fixed vertex in a standard homogeneous tree T of
degree ¢ + 1, ¢ > 1, and write |x| = d(e,x) for a vertex x in T. Let u(x) be a
Sfunction defined when |x| = n — 1 and |x| = n, for a fixed n > 1. Then, there exists
a function v(x) defined for |x| > n — 1 such that v(z) = u(z) if || = n — 1 and
|z| = n; and Av(z) = 0 if |z] > n.

Proof. Let |z] = n. Then, z has g neighbours yi,%s,...,ys such that |y;| =
n—+ 1if 1 < j < ¢ and one neighbour yo such that |yg] = n — 1. Take
A= %[(qu 1u(z) — u(yo)] and set v(y;) = A1 < j < ¢, v(yo) = u(yo) and
v(z) = u(z) so that Av(z) = 0. Similarly, extend the definition of v(x) for all
|z] = n + 1, so that Av(x) = 0if |[x|] = n and v(z) = u(z) if [z =n—1or
n. An analogous procedure yields a function v(z) for all =, |x| > n — 1, such that
v(x) = u(z) if || =n — 1 orn, and Av(z) = 0if |z| > n. O

Corollary 1.5.2. Let e be a fixed vertex in a standard homogeneous tree T of degree
q+1,q > 1. Let u(x) be a harmonic function definedon E = {x : |x| < n,n > 1}.
Then, there exists a harmonic function v on T such that v = u on E.
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Proof. Extend u as in the theorem to find a function v such that v = » on E and
Av(x) = 0if |z| > n. Since by the assumption Au(z) = 0if || < n — 1, we
conclude that v is harmonic on 7" and v = u on E. a

Corollary 1.5.3. For any vertex z in a standard homogeneous tree T' of degree
q+ 1, q > 1, there exists a superharmonic function q,(x) on T such that Aq,(x) =
—dy(x) forallz inT.

Proof. Measuring distances from z, define a function u(z) on E = {z : |x| < 1}
such that u(z) = 2 and u(y) = 1 if y ~ z. Then, by the above theorem, there exists
a function v on T such that Av(z) = 0if || > 1 and v(z) = u(x) if |z| < 1.
Since, Av(z) = 3 (¢ + 1) py) —v(2)] = X (g + )7 uly) —u(2)] =

y~z y~z

S (¢g+1)71[1 - 2] = —1, we conclude that Av(z) = —d,(z) forallzinT. O

Yyn~z

Remark 1.5.1. 1. Actually, given any vertex e in a standard homogeneous tree of
degree ¢ + 1, ¢ > 2, we can exhibit a positive superharmonic function s on T'
such that As(z) = —d.(x) for every « in T'. For, define the function s on 7" such
that s(e) = 1 and s(z) = ¢~ if |x| = i > 1. Note that if |z| = i, then = has
only one neighbour y with |y| = ¢ — 1 and ¢ neighbours z;, 1 < j < ¢, such that
|z;] = i + 1. Consequently, if |z| = ¢ > 1, then

As(x) = (g+ 1) Mg —q 4+ q(qg+1)" g "t —¢ ] =0, and

As(e) = (g+1D)(g+1) (¢ =1)= (¢ 1) <0.

Hence, G¢(z) = (15_(;21) is a positive function on the standard homogeneous
tree 7" such that AG.(z) = —d.(x) forall z in T.

2. Bounded harmonic functions on a standard homogeneous tree of degree q + 1,
q > 2. Let T be a homogeneous tree of degree ¢ + 1, ¢ > 2. Fix a vertex e and
one of its neighbours a. Let E = {x : the path joining z to e passes through a}.
Then, a € FE and e ¢ E. Denote by d(z, y) the distance between two vertices x
and y. Define a function u on T such that u(z) = ¢ + 1 — ¢~ %) if x ¢ F and

u(z) = ¢~ @) if € E. Then, u(e) = g and u(a) = 1.
Aue) =qlg+1) " [(g+1—-q¢ ") —ql+(g+1) " [1—¢q
=(g+1) ' [(¢g-1)+(1-¢)]=0, and
Au(a) =qlg+1)" g ' =1] +(g+1) g -1 =0.
Au(z) =qg+1) " g =g+ g+ D)7 g g7

=0, ifx € Eandd(a,z) =n.
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Au(z) =qlg+ 1) [(g+1—¢ " )= (g+1—q")]
g+ g+1—g ") —(g+1—q )]
=0, ifx ¢ Fandd(e,x) = n.

Hence, u(x)is a non-constant bounded positive harmonic function on 7T'. Since
there are (¢ + 1) neighbours for e, there are at least (¢ + 1) non-proportional
bounded positive harmonic functions on 7.

. Let T be a standard homogeneous tree of degree ¢ + 1, ¢ > 2. Let w = 0 on

E={z:|z|<nn>1}.Ifz € OF = {z : |z| =n}, let y1,ys, ..., y, be the

¢ neighbours of z such that |y;| = n+ 1,1 < j < ¢. Let v(y;) = A;, where
q

all \j arenot O but )~ \; = 0, and v = 0 on E. Then, Av(z) = 0. Proceeding
1

with similar constructions as in the proof of Proposition 1.5.1, we arrive at a
harmonic function v on 7" such that v is not identically 0 but v = 0 on E. Note
that this is in contrast to the situation in the classical potential theory where if
a harmonic function h on a domain w in the Euclidean space ", n > 2,is 0 in
a neighbourhood of a point in w, then h = 0 on w. However, note that if 7'° is a
standard homogeneous tree of degree 2 and if A® is a harmonic function on 7'®
vanishing at two consecutive vertices (in particular, if * = 0 in a neighbourhood
of a vertex in T°®), then h®* =0 on T°°.

In fact, on a standard homogeneous tree 1" degree 2, if h is a function such that
Ah(xz) = 0 for every z € T, then h is determined by its values at two adjacent
vertices and is of the form h(z;) = a + i(b — a) for all i, where a and b are
constants. For, suppose Ah = 0. Let h(zo) = a and h(z1) = b. Then, to find the
value h(x2) for example, use the condition

0= Ah(a1) = () — h(aa)] + g (o) — hia)]

to conclude that h(x2) = 2h(x1) — h(xo) = a + 2(b — a). Similar calculations
give the values of h(xs), h(z4)..., h(z_1), h(z_2)... to arrive at the conclusion
h(z;) = a+i(b—a), for all i. Consequently, the only positive harmonic functions
in this tree are the positive constants and every bounded harmonic function is a
constant.

Actually, in the case of a standard homogeneous tree of degree 2, it is not
possible to find a non-constant positive function s on 7" such that As(z) < 0
for all . For, let s > 0, As < 0 on T Since s is a non-negative superharmonic
function on 7, if s = 0 at a vertex in 7', then s = 0 on 7" by the Minimum
Principle. Hence, if min {s(x¢), s(z1), s(z_1)} = a, then a > 0. For an integer
m > 1,let hy,(x) = a”:n*_‘”f‘ , measuring distances from . Then, Ah,, (z) =0
if x # xo. Then, on the segment [z1, T,,] ,




1.5 Infinite Trees 19
s(x1) > a = hp(z1) and

$(xm) > 0= hp(zm).

Hence, by Corollary 1.4.3, s(z) > hy,,(x) on [x1,z,,]. Take any vertex z,
|z| > 1. Then, s(z) > a”;;_‘i‘ for any m > |z|. Allow m — oo to conclude
that s (z) > a. Consequently, s(z) > a if x is any vertex in {zo,x1, z2,...}.
Similarly for any vertex z in {...,x_2,z_1, 2o} also, s(x) > a. This means that
the superharmonic function s on 7" attains its minimum value a at a vertex in 7".

Hence s(z) = a forall zin T.

Remark 1.5.2. The above results, concerning the existence of positive superhar-
monic functions on standard homogeneous trees, bring out some of the differences
between standard homogeneous trees of degree ¢ + 1 when ¢ > 2 and ¢ = 1. These
are akin to the differences in the study of classical potential theory on R, n > 2.
For example, |x|2_" is a positive superharmonic function on 1", n > 3. But any
positive superharmonic function on $2 is a constant; this assertion [27, p.28] is a
generalised version of the classical Liouville theorem in the complex plane.

In the case of homogeneous trees, there are no terminal vertices. One simple
example of a tree with terminal vertices is T = {xo,x1,x2,...} Where zg is a
terminal vertex and every vertex x;,% > 1, has only two neighbours x;_; and x;41;
if i« > 1, then p(x;, xi41) = p; and p(x;,x,—1) = ¢; such that p; + ¢; = 1 and
p(xo,z1) = 1. In this tree, constants are the only harmonic functions on 7. For,
if h is harmonic on T and h(z9) = a, then 0 = Ah(zg) = h(z1) — h(zo) so
that A(x1) = a. The values of h at other vertices are calculated as in the previous
example to show that h(z) = a for all .

Now, to obtain the Green’s formulas on a network, we have used the fact that
t(x,y) is symmetric. To obtain similar formulas in a tree 7', we shall introduce the
following modifications. Fix a vertex e in T'. For a vertex z, let {e, 1, ..., x,,x}

be the path joining e and . Let p(x) = p(px(z"'i;’(’;xl;é”Qj;'j?FZFggf)e); take p(e) = 1.

Note that if 2 and y are neighbours, then o(y) = 28}3 o(z); thatis, o(y)p(y, x) =
o(x)p(z,y). Clearly, this equality holds even when 2 and y are not neighbours.
Thus, for any pair of vertices « and y in T', if we define ¢)(x, y) = ¢(x)p(x, y), then
Y(z,y) = Y(y,z) > 0,and ¥ (z,y) = 0 if and only if z and y are not neighbours.

For any real function v on 7', we use the expression

Au(z) =Y pla,y)uly) — u(@)].

Yy~

Let us write A®u(z) = > 9(x,y)[u(y) — u(z)]. Then,

Y~

Au(z) =) pl(@)p(z,y)luly) — u(@)] = p(z) Au().

y~zx
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Similarly, if E is any proper subset of 7 and if s € OF, then write

ai:“(s): > (s y)luly) — uls)],

y~s,yeE

so that a‘?l—.,u(s) = ga(s)ani,u(s). Write

(w,v)p =5 Y e y)lu@) —u)]fv) — o).

Theorem 1.5.4. (Green’s formulas in trees) Let f and g be two real-valued
functions on a tree T. Let E be a finite subset of T. Then,

LY e [0 A9(0) + (F9)h == X el (5)5ma(s)

s€0E
TER
i T e@l/0)A0(e) — 9)Af@)] = = T A mals) = als)
zeE
0

Proof. Let us consider 7' as an infinite network with the symmetric conductance
¥ (x,y). Then, by Theorem 1.3.2, > f(z)A%g(z)+(f,9)°=— >_ f(s)ai—, (s).
0 s€EOE
zel
Rewriting this, we get (i) and then (ii) since (f, )% = (g, f)%- O
Remark 1.5.3. Suppose T' is a standard homogeneous tree of degree ¢ + 1. Fix

a vertex e and measure distances from e. Let B,, = {z:|z| <m}. Then,
o

{x:|z| <m} = By, and 0B, = {z : |z| = m} . Since p(z,y) = (¢ + 1)~ ! for

any pair of neighbours x and y, we find ¢ = 1. Hence, for functions f and g defined
. 0

on By, we can write > [f(x)Ag(x) — g(x)Af ()] = — ‘ ‘Z [f ()5, =a(s) —

|z|<m
0

9(5)5 =)



Chapter 2
Potential Theory on Finite Networks

Abstract Solving Kirchhoff’s problem in a finite electrical network opens up
various possibilities for the study of functions in networks. A method to solve
the Dirichlet-Poisson equation in a finite network, by using algebraic techniques
involving the inverses of submatrices of the Laplace matrix is given here; the novelty
is the Laplace matrix need not be symmetric. The same method is used to explain
Equilibrium Principle, Condenser Principle and Balayage. Later, assuming the
Laplace matrix is symmetric, the Dirichlet semi-norm is defined and the Dirichlet
Principle is proved. This procedure can be modified to develop a potential theory
associated with the Schrodinger operators in a finite network. However, another
approach based on the properties of Schrodinger superharmonic functions is adopted
here in order to bring into focus the potential-theoretic methods that will be used
later in the context of infinite networks.

2.1 Incidence Matrix, Kirchhoff’s Problem

Minimum Principle, Domination Principle, Balayage, Capacities and Equilibrium
Principle are some of the important concepts in the study of classical potential
theory on Euclidean spaces. These are directly related to the three problems
associated with electrostatics and Newtonian attraction in 2 considered by Gauss
in 1840: They are the Equilibrium Problem (known also as the Robin problem),
the Balayage Problem (so known by the method of solution given by Poincaré) and
the Dirichlet Problem (name given by Riemann). In an attempt to understand the
interconnections among these notions, the remarkable paper Choquet et Deny [33]
investigates them in the context of finite discrete sets. Inspired by this paper, this
chapter is devoted to the study of potential theory on finite networks.

Let X be a connected, directed finite graph, with an arbitrary orientation, without
loops, having n vertices and m edges. Let z ~ y denote that there is an edge e =
[, y] connecting = and y. Let D be its associated incidence matrix with n rows and
m columns, that is, if we denote the vertices by x; and the edges by e;, then the

V. Anandam, Harmonic Functions and Potentials on Finite or Infinite Networks, 21
Lecture Notes of the Unione Matematica Italiana 12, DOI 10.1007/978-3-642-21399-1_2,
© Springer-Verlag Berlin Heidelberg 2011
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incidence matrix D = (d;;) is such that d;; = 1 if z; is the head «(e;) of the edge
ej, di; = —1if x; is the tail 8(e;) of e;, and d;; = 0 if ; is not an end vertex
of e;. Let Cy (respectively C) denote the class of real-valued functions defined on
the set of vertices (respectively edges). Considering Cy and C as column vectors,
we get the mappings D : C; — Cy and D' : Cy — C; where D! denotes the
transpose of D. If o € Cy,then Do(z) = > ¢(e)— . ¢(e).Ifu € Cy and
z€a(e) z€B(e)
if e = [x, y] is an edge, x being the head of the edge and y being the tail of the edge,
then D'u(e) = u(z) — u(y). Hence, if u € ker DY, then u(a) = u(b) for any two
neighbouring vertices a and b. Since X is connected, this implies that if u € ker D?,
then w is a constant, so that ker D* has dimension 1. Hence dim(/mD*?) = n — 1.
Let Z denote ker D (that is ¢ € Z if and only if for any vertex x € X, we have
> wle) = > ¢(e) in which case ¢ is called a flow). Then, by considering
ale)=x Ble)=z
th(e inner—produci defined on C1, let us denote by B the orthogonal complement of
Z so that we can write C1 = Z @ B. Now, dim B = dim(/mD) = rank of D =
rank of D! = dim(ImD?') = n — 1, so that dim Z is m — (n — 1). Moreover, if
f € ImD?, thatis f = D', and if g is arbitrary in Z, then (g, f) = (g, D'p) =
(Dg, ) = (0,9) = 0, so that ImD? C B. Since dim(ImD?) = n — 1 = dim B
also, we conclude that B = ImD?.

Let us consider an electrical network with +(e) representing the conductance on
the edge e. Then, the Kirchhoff’s problem can be stated as follows [24]: Given an
external current ¢, find the internal current ¢ and the voltage w satisfying the Ohm’s
law and the Kirchhoff’s current and voltage laws. When we state this problem by
using the above notations, it reads as follows: Given ¢ € (1, find 7 and w in C such
thatc—i € Z,w € B, and i(e) = y(e)w(e) for every edge e. Let us denote by T the
diagonal m x m matrix whose diagonal entries are y(e). Then i = Tw = T'(D'y)
for some ¢ € Cy since B = ImD?!. Also, the condition ¢ — i € Z means that
Dc = Di = DT (D'y). Hence, the Kirchhoff’s problem is: Given ¢ € Cf, find
@ € C, such that Dec = DT Dt¢.

Now DT D'p(z) = 0 expandsas > t(x,y)[p(y) — p(x)] = 0, where t(z,y) is

y~xT
the symmetric conductance 7y (e) on the edge e joining  and y. If we write ¢(z) =

> t(z,y), then t(z) > 0 for every vertex z and p(x) = > t&@g)gp(y) expresses
Yy~x Yy~x
the mean-value property of . In keeping with the notation used earlier, let us write
—A = DT D" Thus,if ¢ € Cp, then Ap € Cy where Ap(z) = Y t(z,y)[p(y)—
Yy~
o(z)] for each vertex z. That is, if we denote the vertices as x1,x2, ..., Z, then
A = (ci5) is a symmetric n X n matrix, ¢;; = — »_ t(z;, x;) for every i, ¢;; =
jFi
t(xi,z;) > 0if i # j, > ¢ij = > c¢ji = 0; further, since rank of D = rank of
J i

D' = n — 1, and since T is a non-singular matrix, the rank of A is n — 1; since
t(z,y) = t(y,x), we also find that > Ap(x) = 0. Thus, for a given f € Cy, if

T
we can find some ¢ € C such that Ay = f, then necessarily Y, f(z) = 0. We
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shall prove that this condition on f is sufficient to find the solution ¢ in the equation
Ap = f. Of course, ¢ will be determined only up to an additive constant, since
ker A is the set of constant functions in Cy. In particular, the Kirchhoff’s problem
(—A)p = DT D*p = Dc has a solution (Theorem 2.2.7) for a given ¢ € C} since

ZDc(x) = Z Z cle) — Z cle)| =0.

x ale)=x Ble)=x

2.2 Dirichlet-Poisson Equations in Finite Networks

In this section, we give a method to obtain the solution of the Dirichlet-Poisson
equation on a subset F' of X, by using algebraic methods (essentially inverses of
sub-matrices of the Laplacian matrix) rather than Green functions expressed by
means of equilibrium measures as in Bendito et al. [18] and [19] which assume
symmetric conductance. Here the Laplacian matrix A = (c;;) is defined such that
¢ij = t(x;, x;) may not be the same as c¢;j; = t(x;, x;) unlike in the special case of
an electric network, that is A is generally assumed to be a non-symmetric matrix.
But ¢;; = — > t(x;,x;) so that ) ¢;; = 0 for every i. The classical Dirichlet
7 J
problem is as ZfZ)ﬁllows: Suppose F' is a proper subset of X and f is a function given
on OF. Then, is it possible to find a function u defined on F’ such that Au = 0 on Jg‘
andu = fon OF7 If X = R™ n > 2, a similar problem in the classical potential
theory does not always have a solution, even if F' is a bounded set in R". However, in
a finite network, it has a solution. Actually, we prove a more general result: Suppose

F'is a subset of X and let £ C FO‘. If f is a function on F'\ E, then there exists a
unique u on F' such that Ay = 0 on E and u = f on F'\E. The interest in this
problem comes from the fact that many potential-theoretic problems can be posed
as Dirichlet problems, as we shall see presently. Examples of the Dirichlet problem
arising in some other contexts are given in Doyle and Snell [44], Tetali [64] and
Biggs [24]:

(a) Consider the following problem in random walks: Let X be the state space
provided with the transition probabilities p(z, y). Given two vertices a and b in
X, what is the probability of the walker reaching a before b?

To solve this, let us denote by (z) the probability of the walker starting at
the vertex = and reaching a before b. Then p(a) = 1 and p(b) = 0. If x is differ-
ent from a and b, then the walker starting at x takes a first step to a neighbouring
vertex y and then from y he should reach a before reaching b. Consequently,

olx) = > p(z,y)e(y). Since p(z,y) are probabilities, Y p(z,y) = 1
y y
for any fixed x. Hence, > p(z,y)p(z) = o(x) = > p(z,y)p(y), that is,
Y Y
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(b)

(©)

(d
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S p(z,y) [e(y) — p(z)] = 0; hence, Ap(x) = 0 if z is different from a and b.
Y

Thus, the probability ¢(z) is the solution to the Dirichlet problem with F' = X
E = X\{a,b}, ¢(a) =1and ¢(b) = 0.

In the above random walk, what is the escape probability pes.(a,b) which is
defined as the probability of starting at a and visiting b before returning to a?
As above, let p(z) represent the probability of the walker starting at « and
visiting a before reaching b. Let A represent the walker leaving a and arriving
at a without visiting b, so that 1 — X\ = pesc(a,b). Since A = > p(a, y)e(y),

y

we have
pesc(a> b) =1-A

= p(a) = > pla,y)p(y)

Y

= - Zyjp(a, y) [o(y) — ¢(a)]

= (=4) ¢(a).

Thus, the escape probability is related to the solution of a Dirichlet problem.
In the context of a finite connected electrical network X, if a and b are two
nodes, then the effective resistance r(a, b) between a and b is the voltage when
a unit current enters a and leaves b. What is the value of r(a, b)?

In an electrical network, the conductance is symmetric. Define the
Laplacian in terms of the symmetric conductance t(x,y), that is Af(z) =
> t(z,y)[f(y) — f(z)]. Then this problem reduces to finding the quantity

Yy~

r(a,b) = [¢P(a) — ()], where ¢(z) is a function on X such that
(=A)YP(a) = 1, (=A)p(b) = —1, and A¢p(x) = 0 for all = other than
a and b. For this, let us consider the function ¢ defined as above, with
p(a) = 1, ¢(b) = 0, and 3 p(z,y)[p(y) —¢(x)] = 0if 2 # a,b where

plx,y) = tf(cf)’). For any’function f on X, Y, Af(z) = 0, because of

the symmetry of conductance. Hence, we should have (—A) ¢(a) = « and
(—A) ¢p(b) = —a. By the Minimum Principle, we know that 0 < ¢ < 1 on
X. Since (a) = 1, we calculate that Ap(a) = Y t(a,y)[e(y) — ¢(a)] < 0.
Hence, o > 0. But the assumption that @ = ()ywill lead to the conclusion ¢
is a constant, not true. Hence, a > 0. Consequently, A [¢)(z) — Lo(2)] =0
for all 2 € X. This means, ¢(x) = Lp(x) 4 3, where [3 is a constant. Then,
h(b) = 5o(b) + 8 =0+ B, so that (z) — ¥(b) = Zeo(w).
Hence. r(a, ) = [¥(a) — (b)) = 2(a) = £ = ol

Let X be a finite connected electrical network with symmetric conductance
t(z,y). X can also be considered as a random walk with transition probabilities
defined by p(x,y) = % for each vertex v € X. Let a,b be in X. If
X is considered as an electrical network, we have the notion of the effective
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resistance r(a, b). On the other hand, if X is considered as a random walk, we
have the notion of the escape probability pes.(a,b). Let us now give a relation
between the escape probability and the effective resistance, as seen in Tetali
[64] and Biggs [24].

Pesc(a,0) = 3 pla,y) [p(a) — ¢(y)] as seeninb)

=) 1D (o) - ot

— % y;at(a, y) [e(a) — ¢(y)]

_ 1 ~ 1 as seen in c)
t(a)  r(a,b)

Thus, t(a).pesc(a, b).r(a,b) = 1.

Now, we shall get back to obtain the Dirichlet solution in a finite network X and
derive some of its potential-theoretic consequences. Recall that the symmetry of the
conductance in X is not assumed unless specifically stated.

Theorem 2.2.1. (Maximum Principle for Finite Networks) Let u be defined on
a finite network X. Let A = {y: Au(y) < 0}. Then, u(z) < majl(u(y) Sfor
ye

allx € X.

Proof. If A = ¢, then Au > 0 on X, so that u is subharmonic on X. If A = X then
u is superharmonic function on X. We have already remarked that the constants are
the only superharmonic functions on a finite network (Sect. 1.2). Hence in these two
cases, the theorem is trivial. Assume therefore that A is a non-empty proper subset
of X.

Let 8 = ?eai( u(y) and o = max u(x). Since 8 < a, to prove the theorem, we

have to show that the assumption 5 < « leads to a contradiction. Assume therefore
that 5 < a. Then u(z9) = « for some z9 € X \ A. Hence, 0 < Au(xg) =
> t(xo,y) [u(y) — u(zo)],, which implies (since u(zg) is the maximum value) that
u(y) = u(zp) = aforall y ~ xg.

Now, if zg € 9(X \ A), then there exists some y; € A such that y; ~ z( and
hence u(y1) = «. This shows that v < (3 contradicting the assumption that 5 < «.
Consequently, all the neighbours of z are in X \ A itself and u(z) = «if z ~ xp.
Repeat the argument starting with u(z) = «. Then, not to contradict the assumption,
we should have all the neighbours of z in X \ A itself. Choose some y € A. Since
X is connected, there is a path {z, 21,22, ...,x, = y} connecting x¢ and y. Let
i be the largest index such that for all j < 4, x; is in the interior of X \ A. Note
1 < i <n-—1. Since x;_ is in the interior of X \ A and x; ~ z;_1, we should
have x; € X \ A. But z; is not in the interior of X \ A so that z; € 9(X \ A).
Hence there is some y; € A such that x; ~ y;. Then from what we have proved
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earlier u(y;) = « since u(x;) = «. This means that § > « since y1 € A, a
contradiction. Thus, the assumption « > [ is not tenable, so that « = . That is,
max u(x) = maxu(y). O
max u(z) = maxu(y)

Corollary 2.2.2. (Uniqueness) Let F' be a proper subset of the finite network X
and u be a function on X such that Au = 0 at each vertex in F and v = 0 on

X\ F. Then,u =0o0n X.

Proof. Let A = {z : Au(z) < 0} and B = {x : Au(z) > 0}. Then A and B are
subsets of X \ F. Now use the above theorem to conclude that if u is defined on X
such that Au = 0 on a proper subset F' of X, then for any x € X,

min u < minu <wu(r) <maxu < max u(y).
,Sin (y)_yEB (y) < ()_yeA (y)_yEX\F (y)

Sincew =0 on X \ F, u(z) = 0 for any = in X. O

As a variation of the above Maximum Principle, we have the following Domination
Principle. This is a well-known result in the classical theory of Newtonian potentials,
developed in a fascinating manner by Cartan [30]. There he refers to this principle
as the maximum principle. Choquet et Deny [33] call it the domination principle to
avoid certain ambiguities in the terminology.

Theorem 2.2.3. (Domination Principle) Let u and v be two functions defined on
X. Let I' be a non-empty subset of X. Suppose v > v on ' and Au < Av on
X\ F. Then, u > von X.

Proof. Let w = w — v on X. Then, w > 0 on F and Aw < 0on X \ F. Let
A={y: Aw(y) > 0} .Then, A C F. Hence, by Theorem2.2.1, w(x) > miﬂ w(y)
yE

for every x € X. That is, w(x) > migw(y) > mig w(y) > 0. Hence, u > v on X.
ye ye
O

For1 <k <n—1,let A, denote a k x k submatrix of A, obtained by deleting
n — k rows and the corresponding n — k columns from A. Then, Corollary 2.2.2 has
the following equivalent formulation.

Theorem 2.2.4. Foranyk,1 <k <n — 1, Ay is non-singular.

Proof. The vertices corresponding to the rows in A form a proper subset F' of X.
Letu = (ug, ..., ux)’ be a column vector such that Ayu = 0. Let v = (v1, ..., v,)"
be a column vector of order n obtained from v by introducing 0 for the components
missing in . Now consider the column vector Awv. It can be calculated that Av(x) =
Agu(z) =0ifz € F.

Thus, v is a function defined on X such that Av =0 on F andv =0on X \ F.
Hence by Corollary 2.2.2, v = 0 and consequently v = 0. Thus, we have proved
that if u is a solution for the homogeneous system Azu = 0, then w = 0. This
implies that Ay, is a non-singular matrix. O
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The Equilibrium Principle, as given in Bendito et al. [18] where the Laplacian
matrix is symmetric, states that if F' is a proper subset of X with symmetric
conductance, then there exists a unique function vF > 0on X suchthat AvF = —1
onFand F = {x : v"(z) # 0} . As a generalisation, we have the following.

Theorem 2.2.5. (Generalised Equilibrium Principle) Let F' be a proper subset of
X. Then, given f > 0 on F, there exists a unique u > 0 on X such that Au = — f
on Fandu=0on X \ F. Moreover, if f > 0, then u > 0 on F.

Proof. Recall that A denotes the non-singular submatrix of A obtained by deleting
the rows and the columns corresponding to the vertices not found in F'. Then, there
exists a unique function v on F such that Apv = —f on F. Define v on X such
thatw = von F and w = 0 on X \ F. Then, Au = —f on F. Consequently, if
A={y:Au(y) >0}, ,then A C X \ F, and forany z € X

u(x) > min u(y) (Theorem 2.2.1)
yeA

=0 (sinceu=00n X\ F D A).

Suppose now f > 0 on F'. Let w attain its minimum value on F' at a vertex zg.
Since v > 0 on F, if u(x¢) > 0, then v > 0 on F. On the contrary, if u(zo) = 0,
then Au(xg) = —f(xo) < O reads as Y t(zo,y)[u(y) — u(xo)] = Au(xg) =

y
—f(z0) < 0, a contradiction since the left side equals > t(xq, y)u(y) > 0.
Yy
The uniqueness of the solution follows from Corollary 2.2.2.

Theorem 2.2.6. Let f be a function defined on X with symmetric conductance. Let
F = X\ {z} where z is a fixed vertex in the finite network X. Then there exists a
unique function u € Cy such that u (z) = 0 and (when u and | are considered as
column vectors) Au (x) = f(x) for x € F, and Au(z) = — > f(x).

zeF

Proof. Write f = fT — f~ and use Theorem 2.2.5, to see that there exists a unique
function © on X such that Au(z) = f(z) ifz € Fandu = 0on X \ F.
That is, Au(xz) = f(x) if ¢ # z and u(z) = 0. Now, for any function v on X,
> Av(z) =0. Hence, Au(z) = — > Au(z) = — > f(x). O
reX TH#z T#z

At the end of Sect. 2.1, it has been mentioned that the Kirchhoft’s problem in a finite
electric network can be reduced to the following problem: Is it possible to determine

@ on X such that (—A)p = Dc where ¢ € Cy and Y, Dc(z) = 07 The answer is
reX
yes according to the following theorem.

Theorem 2.2.7. (Solution to the Kirchhoff’s Problem) Let X be a finite network

with symmetric conductance. Let g(x) be any function on X such that Y, g(x)=0.
reX
Then, there exists a function p on X such that Ap(x) = g(x) for every x in X. This

p is unique up to an additive constant.
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Proof. Let z € X. Take f(x) = g(z) if # # z. Then — ) f(z) = g(z). By
T#z

Theorem 2.2.6 there exists a unique u € Cj such that u(z) = 0 and Au(x) = g(x)

for all z € X. Consequently, if for some ¢, Ap(z) = g(z) in X, then p(z) —

©(z) = u(x) forall z in X. O

Remark 2.2.1. The Kirchhoff’s Problem in a finite network is a discrete analogue
of the Poisson Problem of finding on a Riemannian manifold a solution u to the
equation Au = f when f is known.

Let w be a domain in the Euclidean space 2, n > 2, or in a Riemannian manifold
M. Let f be a locally Lebesgue integrable function in w. The problems concerning
the existence and the nature of a solution u satisfying the equation Au = f in w
(known as the Poisson equation) in the classical or in the distributions sense are
important. A discrete version of the Poisson equation in an infinite tree will be
discussed in Chap. 5. In a finite network X with symmetric conductance, Theorem

2.2.6 proves the existence of a solution u such that Au = f on X provided
> f(x) = 0; this solution is unique up to an additive constant. Note that a
reX

solution to the Kirchhoff’s problem in a finite electric network (with symmetric
conductance) can be expressed as a solution to the Poisson equation Ay = g with

the restriction Y, g(z) = 0. Theorem 2.2.7 shows that the Kirchhoff’s problem has
zeX
a solution.

Let F' be a proper subset of X. Let f be a function on 0F. Then the Dirichlet

0
problem searches for a function v on F' such thatw = f on 9F and Au = O on F.
On the other hand, the Poisson problem searches for a solution v on X such that
Av = g on X, where g is a function given on X; we know (Theorem 2.2.7) that a

solution to the Poisson problem exists, provided > ¢g(z) = 0 in a finite network X
reX
with symmetric conductance. A solution to the combination of these two problems

(namely the Dirichlet-Poisson problem) is given below by using Theorem 2.2.5;
another method to solve this problem is to use the appropriate Green functions as
given in Bendito et al. [18], when A is symmetric.

Theorem 2.2.8. (Dirichlet-Poisson equation) Let F' be a proper subset of a finite
network X. Let f and g be two functions on X. Then, there exists a unique function
won X such that Au= fon Fandu=gonX \ F.

Proof. Leth = Agon X. Letus consider the functions 2+ and h~ and use Theorem
2.2.5 and the fact that A is linear to construct a function )y on X such that Ay =h
on F'and ¢y = 0 on X\ F. Similarly, let us construct ¢g on X such that Apy = f on
Fand gy =0o0n X\ F. Writew = @9+ g —1gon X.Then, Au=f+h—h=f
on Fandu =0+ ¢g—0 = gon X \ F. Thus, the existence of a solution v is proved.
For the uniqueness of this solution, we use the minimum principle (Corollary 2.2.2).

O
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Corollary 2.2.9. (Classical Dirichlet Problem) Let g be defined on the boundary
OF of a proper finite subset F. Then, there exists a unique function v on F such that

0
Au(z) =0atevery x € F andu = g on OF.
Proof. Extend g on X by giving arbitrary values outside OF. Take f = 0 and apply

the above theorem with respect to F' to assert the existence of the solution u. The
uniqueness of u follows from the Maximum Principle. d

Remark 2.2.2. 1. To determine the unique solution u in the above theorem, we
proceed as follows: Let the number of vertices in F' be k. Since w = g on X \ F,
we have only to find the k values of u on F. Denoting them by (u1, us, ..., uy ), if
we take out the k linear equations in Au = f on F, then we have a linear system
given by Ap(uq,us, ..., ur)t = (a1, g, ..., ax)* where the right side is known.
We also know that A is invertible. Hence, 11, uo, ..., u; can be calculated.

2. The proof of the above Corollary 2.2.9 is given by using potential-theoretic
methods. An alternate method of solving the Dirichlet problem for a special
type of finite subsets of a tree 7" is given by Berenstein et al. [21, p.461] by
using the hitting distribution of the stochastic process generated by the transition
probability structure of 7.

The above theorem asserting the unique solution of the Dirichlet-Poisson equa-
tion is very fundamental in proving certain basic principles and results (in electrical
networks and random walks) such as the condenser principle, the equilibrium
principle, balayage, the Green’s function, the Poisson kernel etc., as well as the
earlier-mentioned concepts like effective resistance, escape probability, hitting time
etcetera.

Theorem 2.2.10. (Condenser Principle) Let A and B be two non-empty disjoint
subsets of X. Let F = X \ (AU B) # ¢. Let a and b be two real numbers, a < b.
Then, there exists a unique ¢ on X suchthata < p(x) <bifx € X,

w(x) =a and Ap(x) > 0ifx € A,
o(xz) =b and Ap(z) <0ifr € B

and Ap(x) =0ifx € F.

Proof. In Theorem 2.2.8, take two functions f and g on X such that f = 0 on F'
and g(z) = aif x € Aand g(x) = bif x € B. Then there exists a unique function
pon X suchthat p(z) =aifx € A, p(z) =bifx € B, and Ap(zx) =0if x € F.
Then, a < ¢(x) < bif x € X (see the proof of Corollary 2.2.2). Consequently, the
inequalities Ap > 0 on A and Ap < 0 on B follow from the definition of A. O

Let us consider now some potential-theoretic problems with Dirichlet solutions
associated with the operator A. An important problem in an electrical network is:
given a potential function u on X and a subset F' of X, is it possible to sweep out
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the charges associated with © onto F' so that the potential function v associated with
the new distribution of charges preserves the same values on F'?

Theorem 2.2.11. (Balayage) Let F' be a proper subset of X and let u be a function

on X such that Au < 0 on X \ F. Then there exists a unique function v on X such

thatv < won X,v =won F,and Av = 0on X \ F so that Y, Au(y) =
yEX\I?’

> Av(s).

SEOF
Proof. By using Theorem 2.2.8, we construct a function ¢ on X such that Ay =
Auvon X \ Fand p = Oon F. Letv = uw — ¢ on X. Then, v = w on F and
Av=Au—Ap=00on X\ F.

Letw = u —von X. Then, Aw = Au— Av < 0 on X \ F by hypothesis, and
w = 0 on F. Hence, by Theorem 2.2.1, w > 0 on X, that is v > v on X. Further,
since > Au(x) = Y, Av(z) =0andsince > Au(z)= >, Av(z), we have

reX 0 0

rzeX
zeEF TzEF

Y. Au(z) >, Av(z)
cEX\F EX\F
Y. Av(z)+ X Av()

r€OF zeX\F

> Av(z) + 0.
z€0F

a

Remark 2.2.3. In the context of finite electrical networks, if we interpret —Au(x)
as the charge associated with w at the vertex z, then the last assertion indicates that
the total charge of u outside £ has been swept (balayée) onto OF to obtain v.

In the study of electrical networks, the existence of a non-negative function with
an associated point charge is very helpful. Such a function cannot be defined on X,

if X is a finite network. However, on every proper subset of X, this function can be
defined.

0
Theorem 2.2.12. (Green'’s function) Let I be a proper subset of X. If y € F, then
there exists a unique function Gf(z) > 0 on X such that AGL (z) = —0,(z) if

S ]%, GE(s)=0ifse X\Jg‘,anng(x) < Gl(y) foranyx € X.

Proof. By Theorem 2.2.8, there exists a unique function on X, noted G}/ () such
that AGg(x) = —dy(x)ifx € FO‘ and Gg(s) =0ifs e X\ }(7)‘. Moreover, since
AGE (x) <0on Fand Gl (x)=0ifz e X\lg, we conclude that G5 > 0 on X.

0 0
(It can be seen that Gg > 0 on F,if [ is connected.)
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To prove the last assertion, note that AG}'(z) > 0 if 2 # y. Hence in Theorem
2.2.3 (Domination Principle), if we take v(z) = G} (z) and u(z) = G[(y), a
constant, then u(z) = v(z) if z = y and Au(z) = 0 < Av(x) if z # y.
Consequently, u > v on X, thatis G} (y) > G (z) on X. O

Theorem 2.2.13. (Poisson Kernel) Let X be a finite network with symmetric
conductance. Let F be a proper subset of X. Let GE (y) be the Green function

0
on F forx € Fandy € F. Let f(s) be deﬁned on OF. Then the Dirichlet solution

in F with boundary value f(s)is Y. f(s ) ( ).
s€OF

Proof. Start with the Green’s identity (Corollary 1.3.3) for any two real-valued
functions v and v defined on F,

3 () Av(y) — v(w) Auly)] = — 3 fuls) () — v(s) e ()]

0
yeF

Let now h(x) be the Dirichlet solution in F’ with boundary value f(s). Take v = h
and u = GI in the above equation. Since Ah(y) = 0if y € }?“, h(s) = f(s)if
s € OF, GE(s) = Oif:c € lg,s € OF, and AGY = —§, ifz € Zg,weobtain

hx) = 3 Fs)525(s). O

SEOF

Definition 2.2.1. Let X be a finite network with symmetric conductance and let F'

0
be a proper subset of X. For x € F and s € JF), the Poisson kernel for F is defined

as P(z,s) = %g(s)

0
Remark 2.2.4. Alternatively, for z € F and s € OF, the Poisson kernel P(z, s) for
fixed s € OF can be defined as the Dirichlet solution on F' with boundary value
0s(z) for z € OF. This way, we can avoid introducing the Green'’s identity to define
the Poisson kernel. Consequently, if F' is a proper subset of a finite network X with
or without symmetric conductance, and if f(s) is a real-valued function on OF), then
h(z) = > P(x,s)f(s)is the Dirichlet solution in F' with boundary value f(s).
sEOF
Proposition 2.2.14. Let F' be a proper subset of a finite network X with symmetric
0
conductance. If a,b € F', then GE (b) = Gf (a).

Proof. This follows immediately from the Green’s identity involving u and v, if we
setu(z) = GI'(z) and v(z) = G¥ (2). O

Theorem 2.2.15. (Mixed boundary-value problem) Let F' be a proper subset of a
finite network X . Let A and B be non-empty disjoint subsets such that A| ] B = OF.
Let f be a function defined on F. Then there exists a unique function u on F such

that Au(z) = f(z) ife € Py u(s) = f(s) if s € Aand 2 (s) = f(s) if s € B.
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Proof. Let A%, be the Laplacian restricted to F. Assume that f is arbitrarily
extended outside F' to cover X \ F. Then, there exists (as in Theorem 2.2.8) a
unique function u on F such that u = f on A and A%u = f on F\A. Since

0
Au(z) = A%u(z) if z € F and Aju(s) = 2% (s) if s € OF, we have the

0
following properties for u, namely Au(z) = f(x) if x € F, u(s) = f(s)ifs € A
anda‘zl—q“i(s):f(s)ifseB. O

Theorem 2.2.16. (Neumann problem) Let F' be a proper subset of a finite network
X with symmetric conductance and let f(s) be a function defined on OF. Then, the
following two statements are equivalent:

0
i. There exists a function u on F such that Au(x) = 0ifx € F and aaT“, (s) = f(s)
if s € OF.

i S f(s)=0.

SEOF
Proof. Suppose u exists with the stated properties. Then, by Proposition 1.3.1,
> f(s) = 2L (s) = — 3 Au(xz) = 0. Conversely, if > f(s) = 0,
s€OF SEOF a:e}t«z‘ sEOF

0
then extend f on OF by giving value O at each vertex in F'. Then, by Theorem
2.2.7, there exists a function u on F' (unique up to an additive constant) such that

0
A%.u = fon F. This function u has the following properties: Au(z) =0ifz € F
and 2% (s) = f(s)if s € OF. 0

2.3 Dirichlet Semi-Norm

In this section, X is assumed to be a finite network with symmetric conductance. An
interesting alternative method to carry out the potential-theoretic study of functions
on a network with symmetric conductance is to consider this set of functions as an
inner-product space and obtain the basic Dirichlet solution as a projection. Then, we
can prove other results as consequences of the existence of solutions to appropriate
Dirichlet problems. For a pair of functions u and v on a subset E of a finite network
X with symmetric conductance, define an inner-product (Sect. 1.3)

(wop =5 O te.)lu(e) - uy)le() - v(y)

z,yelE

Write ||u|\2E = (u,u)p. Let us suppose that £ is connected. Since [|u||, = 0
implies that u is a constant on E, ||ul| ; is a semi-norm which is called the Dirichlet
semi-norm on E. Let F denote the equivalence classes f~ of functions on F, so
that two functions on F are in the same class if and only if they differ by a constant.
Note that / is an inner-product space; if « and v are any two functions defined on &2
and if u™ and v™ are the equivalence classes defined by u and v, then ||u”™]|| = ||lu/|
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0
and ||u™ —v™|| = |jlu — v|| . Let F' C E.Let H denote the subspace of / such that
each h € H is harmonic at every vertex of F', thatis Ah(z) = 0ifx € F.

Theorem 2.3.1. H is a closed subspace of I .

Proof. Let by € H be a Cauchy sequence in /. For each equivalence class A},
extract a function h,, from the class k., so that h,,(e) = 0 where e is a fixed vertex
in E. Since ||h, — hp|| = ||hyy — R}l — 0 whenn, m — oo, forany z € E,

S8l = b)) = (i~ B (@) < o~ o2 0

when n, m — oo. Since (h,, — h.,)(e) = 0, we deduce that the sequence {h.,(x)}
converges at every x ~ e. Then, we show that there is convergence at all the
neighbours of each x ~ e. Thus proceeding, we see that h,, converges on E.
If we write h(xz) = hﬁn hn (), then h(z) is harmonic at each vertex in F', and

|lhn, — h|| — 0. Hence h;y — h™; thatis, H is closed in f . O

Using the properties of inner-product spaces, we conclude from the above
theorem: For every f~ € [, there exists a unique A~ € H such that |~ — f~||
is minimum; A"~ is the projection of f~ on H, so that ||h~| < | f~] and
Ik~ = || £~ if and only if f~ € H. Let us denote by F * the subspace of F
such that f~ € F* if and only if the equivalence class represented by f~ contains
a function f on FE whichisOon E'\ F.

Theorem 2.3.2. F * is the orthogonal complement of H in F ; thatis F = F *® H,
and F*LH.

Proof. Remark that if f” and f5” arein F, and if we take some f; (respectively f2)
from the equivalence class f1 (respectively f5), then (f1, f2)g is independent of
the choice of the functions f; and fy. We define (f77, f5)e = (f1, f2) . Now H
is orthogonal to F *. For, let f~ € f* and h™~ € H. Choose f from the class f~
such that f = 0 on E \ F. Choose some h from the class ™. Note that in Theorem

1.3.2, we have proved > f(z)Ag(z) + (f,9)g = — >, f(s)ai—’i(s); in this,
0 s€OE
TEFR

take g = h. Now Ah(x) = 0ifz € Fand f = 0on E\ F D (LOU\F)U(’)E
Consequently, (f,h)g = (f,9)r = 0. Hence, (f~,¢~)g = 0.

Suppose f~ € HN F*. If f is a function such that Af = 0Oon F and f = 0 on
E\ F, then f = 0 (Corollary 2.2.2), so that f~ = 0~. Let now f~ € F. Choose
some f in the class f~. Let h be the function such that Ah = 0on F and h = f on
E\F (Theorem2.2.8). Then, [f—h|~ € F*,h~ € Hand f~ = [f—h|”+h~. O

The following is another version of the above result, without any reference to
the equivalence classes, to obtain the Dirichlet Principle in the context of a finite
network with symmetric conductance (see also, [55]).
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Theorem 2.3.3. (Dirichlet Principle) Let E be a connected set and F' C % .Let f
be a function defined on E \ F. Let I' be the family of functions g on E such that
g = f on E\ F. Then, there exists a function h in I' such that for any g € I,
Pl g < lgll g and ||h||z = ||lg|| g if and only if h = g. This function h is uniquely
determined and Ah = 0 at every vertex of F.

Proof. Let h be the unique function on F (Theorem 2.2.8), such that h = f on
E\ F and Ah(z) = 0 if © € F. Then, we prove as above, by using the Green’s
formula, thatif g € I, then (g— h)_Lh. Hence, writing ¢ = (g— h)+ h, we conclude
l9™ Il > |2~ ;7 which implies that [lg];; > [|A] ; . Suppose [lgl| ; = [2]];; then,
lg~ |l = ||h™|| p which implies that g™ = h"™ by the property of projection. This
means that g — h is a constanton E. Since g —h =0on E\ F, g = h. g

Remark 2.3.1. The above Dirichlet Principle is well-known in the classical case.
Let 2 be a bounded domain in the Euclidean space ",n > 2. In the space
of continuous functions on {2 which admit finite continuous (Lebesgue) square-
summable gradient, define the scalar product (f,g) = |, o(gradf, gradg)dz, with
the corresponding Dirichlet semi-norm || f|| . Suppose a continuous function f is
defined on Of2. Let us extend f as a continuous function g on §2 for which ||g|| is
defined. Let us place all such extended functions g in the class I'. If there is some
h € I' with minimum norm, it will prove to be the Dirichlet solution in {2 with
boundary value f on 0f2. But, it is possible that there is no such extension h € " on
{2 for which ||h|| = ir;f llg]| . That is, the classical Dirichlet problem is not solvable

in an arbitrary bounded domain in R”™. As an example, cite the domain 0 < |z| < 1
in R2.

However, in a network, the solution to the classical Dirichlet problem can always
be obtained as a projection. For, let E be a finite set of connected vertices in a
network X with symmetric conductance. Let f be a function defined on 0E. Giving

0
arbitrary values at the vertices in F/, we can assume that f is defined on F. Then

0

(by Theorem 2.3.2, taking /' = F)) f~ can be written uniquely as f~ = h™~ + g~ €
H @ F*. Take a function u in the equivalence class h™. Then, by the definition
of F*, f —w is a function on £ taking a constant value ¢ on JE. Consequently,

0
h = u + c is a function defined on £ such that Ah = 0 at every vertex of F and
h = fondFE.

2.4 Schrodinger Operators on Finite Networks

In this section, we study the Schrédinger operators on a finite network X on the lines
of the earlier study with respect to the Laplace operator. The Laplacian is A and the
Schrédinger operator is the g-Laplacian A, given by Aju(z) = Au(z) —g(x)u(x),
where g(x) > 0 is defined on the vertices of the network; when we write A, it is
assumed that ¢(x) > 0 for at least one vertex. (In Chap. 4, in the context of infinite
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networks, we relax the condition ¢ > 0 and allow ¢ to take negative values in a
restricted range.) Note

Aqu(z) = Au(z) — g(z)u(z)
=> tx,y)[uly) — ul@)] - q(@)u(x)

="t y)uly) — [tx) + q(@)u(z),

where t(z) = Z t(x,y) forevery x in X.
y

We identify A, as an n x n matrix where n is the number of vertices in X . Let Afz
be a square matrix of order [, 1 < [ < n, formed by [ rows and the corresponding
I columns of the matrix A,. By using a minimum principle on X, we prove that
Afz is a non-singular matrix which fact is fundamental in solving a generalised
version of the classical Dirichlet problem in a network. Then, by characterizing
Green’s function, Poisson kernel, condenser principle and balayage as Dirichlet
problems with suitable boundary conditions, we are able to deduce immediately
these potential-theoretic results in a finite network. Thus, these results are obtained
effectively by calculating the inverses of suitable submatrices Afz.

Bendito et al. [20] prove many of these results in a finite network X with
symmetric conductance, by computing appropriate equilibrium measures: the equi-
librium measure for a proper subset /' of X is a function © > 0 on X such
that Aqu(xz) = —1 for x € F and {z: p(x) #0} C F. (It is proved that p
is unique and {x : p(x) # 0} = F.) The effective computation of such measures
is accomplished by solving linear programming problems. In another direction,
interpreting the above problems in the context of probability theory (random walks),
solutions are obtained by Chung and Yau [35], Doyle and Snell [44], Tetali [64] and
others.

The theory concerning the Schrodinger operator A,, where ¢(x) > 0 for all x
and g(xz) > 0 for at least one x( in X, can be developed on the same lines as for the
Laplace operator A by using matrices. However, we use a different approach here
based on the properties of the A,-superharmonic functions on X. Such a method
is not available for the Laplace operator, since any A-superharmonic function on
a finite network X is constant. Actually, by introducing the A,-superharmonic
functions at this stage, we try to bring into focus the potential-theoretic methods
that will be used later in the context of infinite networks.

Lemma 2.4.1. Suppose Aqu < 0on X.Thenu > 0on X.

Proof. For, suppose u takes negative values on X, let v attain its minimum value
—m at z. Since 0 > Agqu(z) = >, t(2,y)[u(y) — u(z)] — q(2)u(2), if we
assume ¢(z) > 0, then we find Aju(z) > 0, a contradiction. Hence ¢(z) = 0 and
as a consequence u(y) = u(z) for y ~ z. Since ¢ does not vanish everywhere, there
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is some vertex a where g(a) > 0. Let {z = zo, z1, ..., z; = a} be a path joining z
and a. Let 4 be the smallest index such that g(x;) = 0 and ¢(x;4+1) > 0. Then, by the
above argument we should have u(z;41) = —m since x;+1 ~ x;. Consequently,

02> Agulziv) = > Hxip,Y)uly) — w(@iv)] — g(@iv)u(itr)
Y~Tit1
= [a non-negative quantity]-[a positive quantity]
X [a negative quantity]> 0,

a contradiction. Hence, u > 0 on X. O

Remark 2.4.1. The above lemma implies that if Aju = 0 on X, then u = 0;
however this conclusion is not valid if ¢ = 0, but what is true in this case is that u
will be a constant.

Theorem 2.4.2. The matrix A, is non-singular.

Proof. If the vertices of X are denoted by x1, xa, ..., ,, and if u(z) is a function
defined on X, then let us write u = (u1,u2, ..., un)" as a column vector where
u; = u(x;). Now, by the above Lemma 2.4.1, the equation A,u = 0 has the unique
solution u = 0. Hence, 4 is a non-singular matrix. O

Remark 2.4.2. To prove the above Theorem 2.4.2, we have used the fact that the
non-negative function ¢(z) on X is not identically 0. However, we shall see in
Chap. 4 in the context of infinite networks that ¢ can be allowed to take some
negative values in a restricted range as remarked by Bendito et al. [20] in the case of
finite networks with symmetric conductance. In fact, they assume that there exists a

function £(x) > 0 on the finite network X such that ¢(z) > Aég) for every z in

X. This means that ¢(x) can possibly take negative values.

Lemma 2.4.3. (q-Minimum principle for Schrodinger operators) Let F' be a proper
subset of X. Suppose u is a function on X such that Agu < 0 at every vertex in F'
andu > 0on X \ F. Then w > 0 on X. (In particular, if Aqv = 0 at every vertex
inFandv=00on X\ F,thenv=0.)

Proof. Suppose u takes a negative value on X. If —m = Hli)I} u(zx), then u(zg) =
zE

—m for some g € F. Since F is a proper subset of X, there is some a € X \ F.
Let {zo, x1, ..., x; = a} be a path connecting x( and a. Let 7 be the smallest index
such that x; € F and 2,41 € X \ F. Then, an argument similar to the one in the
proof of Lemma 2.4.1 shows that the assumption that u takes on negative values is
not tenable. We conclude v > 0 on X. O

Theorem 2.4.4. Foranyl, 1 <[ < n, the matrix Aé is non-singular.

Proof. Since we have already proved the theorem when | = n (Theorem 2.4.2),
we shall suppose [ < n. Let F' be the subset =, x,, ..., x; corresponding to the [
rows of Al. Consider the equation A’ = 0, where u" = (uy, ..., u;)" is arbitrary.
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Let u = (u1,us, ...up )", obtained from u by introducing (n — 1) extra zeros at the
appropriate places. Note now Aju = 0 on F and v = 0 on X \ F. Hence, by the
q-Minimum Principle (Lemma 2.4.3), v = 0 and hence u = 0. This proves that
the matrix Afz is non-singular. O

Theorem 2.4.5. (q-Domination Principle for Schridinger operators) Let v and f
be two functions on X. Let Agv < 0on X and A = {z: Ayf(x) <0}.Ifv > f
on A, thenv > f on X.

Proof. Letu =v— f. Write F = X \ A. If F' = ¢, then there is nothing to prove. If
F = X, then A, f(x) > 0 for all z. Hence Aju(zx) < 0forall z € X. Then,u > 0
on X (Lemma 2.4.1). If F is a proper subset of X, thenon F = X \ 4, Aju <0
and on A, u > 0. Hence, by the above Lemma 2.4.3, © > 0 on X. O

Theorem 2.4.6. ( Dirichlet-Poisson solution for Schrodinger operators) Let F' be
a subset of X. Given two functions f on F and g on X \ F, there exists a unique
Sfunction w on X such that Agu = — f on F and w = g on X\ F. Moreover, if f and
g are non-negative, then v > 0 on F.

Proof. If F = X, then Theorem 2.4.2 establishes the existence of the unique
solution u and then Lemma 2.4.1 proves that v > 0 on X, if f > 0.

Let us suppose that F' is a proper subset of X. Let v = (u1,us, ..., uy)" and
v = (v1,v2, ..., v,)" be the column vectors such that u(z) = g(z) if z € X\ F and
v(z) = —f(z) if x € F. Now, if we write Aju = v, then (A, being a non-singular
matrix) we can first determine the value of u(z) for € F. Consequently, we have
all the values which u takes on X such that w = g on X\ F and Aju = —f on F.
If f and g are non-negative, then Aju < 0 on F and v > 0 on X\ F. Hence by
Lemma2.4.3,u > 0Oon X.

To prove the uniqueness of u, suppose s is another function such that s = g on
X\F and Ays = —f on F. Then ¢ = s — u satisfies the conditions ¢ = 0 on X\ F
and Az = 0 on F. Then by Lemma 2.4.1, ¢ = 0. ad

Corollary 2.4.7. (q-Poisson solution) There is always a unique solution to the
Poisson equation, namely, given f on X, there exists a unique uw on X such that

Agu= fonX.
Proof. This is a consequence of the fact that the matrix A, is non-singular. O

Let us solve now the Dirichlet problem for the Schrodinger operator. We
can use as for the Laplace operator (Remark 1 following Corollary 2.2.9), the
non-singularity property of the matrix A, and any of its principal submatrices to
obtain the solution. However, we adapt a method from the classical potential theory
in R™ to solve this problem in a finite network X. The advantage in this method is
that it works even if the network X is not a finite set, as we shall see in the next
chapter.

A function u on a subset F' of X is said to be g-superharmonic (respectively,
g-harmonic, g-subharmonic) on F' if and only if A u < 0 (respectively, Aju = 0,
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Aqu > 0) atevery vertex of 19‘ . However, we use the expression that v is g-harmonic
ata vertex a, if u is defined on V' (a) and Aju(a) = 0. (For the Laplace operator on a
finite network on X, Au < 0 on X if and only if u is a constant on X . Consequently,
the use of classical potential-theoretic methods, involving superharmonic functions
defined by the Laplacian, to study the functions on a finite network is limited. In
that case, a recourse to matrices is convenient, as we have seen earlier.)

1. If w and v are g-superharmonic on F', then s = inf (u, v) is g-superharmonic on
FE

For, if x € }(«l, then
Ags(z) =tz y)s(y) — [t(z) + q(2)] s(z)
= S 9)s(y) ~ 1) +a(@)]v(e), assuming 5(2) = v(2)

< 2tz y)u(y) — [tH(z) + q(@)] v(z) = Ago(z) < 0.

Yy
2. If u,, is a sequence of g-superharmonic (respectively, g-harmonic) functions on
F, and if u(z) = lim w,(z) exists and is finite for every = € F, then u is
n—oo
g-superharmonic (respectively, g-harmonic) on F.

For, if z € 7, then S t(z, y)un (y) — [£(2) + q(2)] un(z) < 0.

Taking limits when n — oo, we obtain

S tla,y)uly) — [te) + qla)] u() < 0.

Yy

That is, u is g-superharmonic on F' (Similar proof in the case of a sequence of
q-harmonic functions.)

Ag-Poisson modification. For a function u on a subset F of a network X, and

0
an arbitrary vertex a € F, let us write Pyu(x) = u(z) if x # a and Pyu(a) =

> %u(z) Let us call P,u the A,-Poisson modification of w at a. Note that

P,u(x) is g-harmonic at x = a.

0
Lemma 2.4.8. Assume that u is q-superharmonic on E. Let a € F . Then Pyu is
g-superharmonic on E, P,u(x) is g-harmonic at x = a, and P,u <uon E.

Proof. Since u is g-superharmonic at a , we have P,u(a) < u(a). For x ¢ V(a),
we have P,u = won E N V(x), so that A, Pyu(x) = Aqu(z) < 0 ateach z €

LO?\V(a).



2.4 Schrodinger Operators on Finite Networks 39

0
Let us take the case when z € NV (a). Then there are two cases to consider,
namely x = a or x # a.
For x # a, we have

A Pau() = —[t(x) + q(0)] Paulz) + ¥ t(z, 2) Pou(z)

< [t@) + a(@)u() + St 2)u(2)

For x = a, we have

AgPau(a) = =[t(a) + g(a)|Paula) + 3 t(a, z) Pau(2)

z

= — ; t(a, 2)u(z) + ZZ: t(a, z)u(z) = 0.

0
Thus, for all z € E, we have AP, (z) < 0. Hence P,u is g-superharmonic on
E. m|

0
Ag-Perron family. Let F be a subset of X and E be some subset contained in £.
A non-empty family / of functions on F' is said to be a (lower directed) A,-Perron
Sfamily on (F, E) if it satisfies the following conditions.

1. For any vy, vy € F, there exists v € F such that v < min(vy,va).
2. P,ve F,foreveryv € [ and a € F; also P,v < w.
3. There exists a function ug on F' such that v > wug for all f .

Remark 2.4.3. 1. Analogously, we define an upper directed A,-Perron family of
functions on (F, E).

2. We define also, with respect to the Laplacian operator A, lower directed and
upper directed A-Perron families on (F, E), by taking ¢ = 0.

Example of a A,-Perron family: Let u be a g-subharmonic function on a set F.
Let F be the family of g-superharmonic functions v on F' such that v > .
Suppose this family of functions is non-empty. Then, F is a lower-directed family

0
of g-superharmonic functions on (F, F).

Theorem 2.4.9. If | is a lower directed A,-Perron family on (F, E), then h(z) =
infv(z), x € F,v € F, is ¢-harmonic at every vertex of E.

Proof. Since each v in F majorizes ug, we have h(z) > ug(z) in V(E). Leta € E

be fixed arbitrarily. Since V'(a) is a finite set, we can find a sequence {vg(cn)} in f

for every x € V (a) such that of™ — h(z) as n — oo. By (1), there exists u, in F
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such that u,, < min {vg(gn), x € V(a)} . Then, u, (z) — h(z) as n — oo for every

x € V(a). Let v, = P,u,. Then, by (2), v,, € F and v,, < u,. Hence, v, (x) —
h(zx) as n — oo for every x € V(a); also v, is g-harmonic at a. Consequently, we
have Ajh(a) = lim Agv,(a) = 0. That s, h is ¢g-harmonic at a. O

Theorem 2.4.10. (g.q-h.m.,greatest q-harmonic minorant ) Let u (respectively v)
be q-superharmonic (respectively q-subharmonic) on a subset F' such that v < u.
Then, there exists a q-harmonic function h on F such that v < h < wu; moreover,
if H is any other q-harmonic function on F such that v < H < wu, then H < h.
(Hence, h is called the greatest q-harmonic minorant of u.)

Proof. Let [ be the family of g-subharmonic functions ¢t on F' such that t < w.
Then, f is an upper directed A,-Perron family (of g-subharmonic functions) on

0

(F, F) so that h(x) = supt(z), where ¢ € F, is a ¢-harmonic function on F' such
that h < wu. Clearly, if H is a g-harmonic function on F' dominated by wu, then
H € F.Consequently, H < hon F. O

Theorem 2.4.11. (Generalised q-Dirichlet Problem) Let F' be a subset of X and

EC FO’. Let f be a function on F\FE such that v < f < u on F\E, where u and
v are functions on F such that w > v on F and Aqv > 0 and Agu < 0 on E.
Then there exists a function h on F such that Agh = 0on E, v < h <won F and
h = f on F\E. Moreover, if hy is any function on F such that hy = f on F\E and
Aghy =0o0n E, then hy = hon F.

Proof. Letu; = f on F\F and u; = won E. Then Aju; < 0 on E. To see this,
remark that if z € F, then

[t(z) + q(x)] w1 (z) = [t(z) + q(x)] u(z)
> > t(x, y)uly), since Agu(x) < 0, by hypothesis

> > t(z,y)ui(y),sinceuy <wuonV(E) C F.
y

Hence, Aqui(x) < 0 forevery z € E.

Similarly, if v; = f on F\E and v; = v on E, then Agvr > 0 at every vertex of
E. Let [ be the family of all real-valued functions s on F' such thatv < v; <5 <
u1 <wonF and Ays > 0on E. Note that if s1, s2 are in F, then Ay sup(s1, s2) >
0, so that sup(sy, $2) € F;if a € E, then

B t(a, z) t(a, z) N> v a
Pas(a)iz[(an >Z @) +q(@] ) =

z
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and

t(a,z t(a, z)
Pas(a)—zz:[()+qa <Z @) + 4@ u1(z) < ui(a).

Hence, P,s € F; finally, if s € F, then s < u on F. Consequently, f is an
upper directed A,-Perron family of g-subharmonic functions on (F, E). Hence, if
h(xz) = sups(x), s € F,thenv; < h < wuj on F and Ayh = 0 at every vertex of
E; note that h = f on F\E since v; = u; = f on F\E.

To prove the uniqueness of the solution h, suppose h; is another function such
that hy = f on F\E, and Ajh; = 0 at every vertex of E. Letw = h — hy on F.
Then, w extended by 0 outside F’ satisfies the conditions: Ayw = Oon Fandw = 0
on X\ E. Hence, by the Minimum Principle (Lemma 2.4.3), w = 0 on X. O

Corollary 2.4.12. (Classical q-Dirichlet problem) Let F' be a proper subset of X.
Let f be a function on OF. Then there exists a unique g-harmonic function h on F
such that h = f on OF.

Proof. Suppose |f| < M. Use the above theorem with —M < f < M on OF and
0
E = F, to get the unique solution. O

Theorem 2.4.13. (g-Balayage) Let F' be a proper subset of X and let u be a real-
valued function on X such that Ayu < 0 at every vertex in X\ F. Then, there exists
a unique function v on X such thatv < won X,v =uon F, and Ayv = 0 at every
vertex in X\ F.

Proof. By Theorem 2.4.6, there exists a unique function ¢ on X such that Ayp =
Aqu = —(—=A,)u at every vertex in X\F, ¢ = 0Oon F and ¢ > 0 on X\F.
Consequently, ¢ > 0 on X. Then, v = u — ¢ on X has the stated properties. a

Remark 2.4.4. 1. The above g¢-balayaged function v can be described as the
solution to an appropriate Dirichlet problem: Let £ = X\F. For some
M > 0,let —M < w on V(E), where V(E) stands for the union of E
and all the neighbours of each vertex in E. Take f = w on V(E)\E. Since
Ay(M) < 0on X, we can (Theorem 2.4.11) construct the unique function
hon V(E) suchthat h = f = won V(E)\E, —-M < h < uon V(E),
and A;h = 0 on E. Then, v is the function h on V(E) extended by u
on X\V(E).

2. In the context of an electrical network X, one can pose a problem similar to the
capacity problem [27, p.52] in the classical potential theory, how to distribute
a unit charge on a proper subset F' so that the associated potential is constant
on F. That is, the problem is to find s > 0 on X such that (—A)s > 0 on X,
> As(x) = —1, As(x) = 0if z € X \F, and for a constant o, s(z) = «a if

zeF
x € F. This problem has no solution, since (—A)s > 0 on a finite network X

implies that s is a constant.
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However, the above result on ¢g-balayage shows that a solution to this problem
exists when A is replaced by the operator A,. For take v = 1 on X. Then,
v <lonX,v =1lonF and Ajv = 0 at every vertex in X \F. Notice
that Ao < 0 at every vertex in F. But Aju(x) < 0 for some z in F.
For otherwise, v is g-harmonic on X and hence should be 0, a contradiction.

Hence, 8 = Y (=4, )v(z) > 0. Write « = B! and s(z) = av(z).
zeF

Then, Y Ays(z) =a > Ayv(z) =—af =—1,
zeF zeF
Ags(x) =0ifz € X\F,and s(z) = aif z € F.

The following theorem generalises the well-known Condenser Principle in finite
electrical networks. In the context of finite networks with symmetric conductance,
Bendito et al. [20] give a detailed form for this principle.

Theorem 2.4.14. (Generalised q-Condenser Principle) Let A and B be two non-
empty disjoint subsets of X. Let F = X\ (AU B) # ¢. Let a and b be two real
numbers such that a < 0 < b. Then there exists a unique @ on X such that a <
o(x) < bforeveryx € X,

o(x) = a and Ayp(z) > 0 forx € A,
w(x) =b and Agp(x) < 0forx € B,
and Agp(x) = 0 for x € F.

Proof. In Theorem 2.4.6, take f = 0, g(z) = aifz € A, and g(z) = bifx € B.
Then there exists a unique function ¢ on X, such that p = aon A, ¢ = bon B, and
Agp =0onF (ifa = b = 0, then ¢ = 0). Note that by the Minimum Principle, a <
p(x) < bon X.For,if Y(x) = ¢(z) —aon X, then Ayip(x) = Agp(x)+ A (—a).
Since (—a) is g-superharmonic, A;(—a) < 0. Hence, Ayp(x) < 0if z € F, and
Y(x) > 0if x ¢ F. Hence (Lemma 2.4.3) ¢) > 0 on X, that is ¢(z) > a on X.
Similarly, considering the function b — ¢(z) on X, we conclude that b — p(z) > 0
on X.

Consequently, at any vertex z where ¢ attains its minimum value a which is non-
positive, Aqp(z) > 0; similarly, at every vertex y where ¢ attains its maximum
value b which is non-negative, A, (y) < 0. Hence, Agp > 0 on A and Ayp <0
on B. a

Thus, ¢ is the g-Dirichlet solution as in Theorem 2.4.11, with F' in the place of E
and V(F) inthe place of F'; f = aon AN{V (F)\F'},and f = bon BN{V (F)\F'};
 is extended by a on A, and by b on B.

Theorem 2.4.15. (q-Green’s function) Let F' be a subset of X. If y € jg’ then there
0
exists a unique function Gl (x) > 0 on X such that A,GY (x) = =6, (z) ifz € F,

0
GE(s)=0ifs € X\ Fand GL (z) < GE(y) forany z € X.
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0
Proof. Let f(x) = —0y(z) if x € F'. Then, by Theorem 2.4.6, there exists a unique

0
function on X, noted by G/ (x), such that A, G (z) = f(z)ifx € Fand G]'(s) =

0 0 o
0if s € X\ F. Since Ang(a:) <0on Fand G =0on X \ F we conclude that
0.0

G5 > 0 on X. (It can be seen that ij > 0 on F if F is connected.)

To prove the last assertion, note that G} (z) = G} (y) if = = y; if © # y,
0 0

and z € F, then A;GE () = 0;and if s € X\ F, then G}'(s) = 0 so that
A,GL(s) > 0, since GI' > 0 on X. Thus, applying the Domination Principle

(Theorem 2.4.5, with v(z) = GF' (y) forall z € X, and f(z) = G} () for z € X),
we conclude that G (z) < G (y) forall z € X. O

Thus, G5 (x) is the solution to the following Dirichlet problem: Let f be a
function defined on (X'\ FO‘) U {y} such that f(y) = 1 and f(z) =0if x € X\ 18‘.
Then, from Theorem 2.4.11 (by taking X in the place of F' and Jg \ {y} in the place
of E), we extend f onto X as the Dirichlet solution so that A,f = 0 on FO‘\ {y}.

By the Minimum Principle, 0 < f(z) < 1forall x € X and A, f(y) < 0. Then,

F _ f(x)
Gy (2) = =2,y

Remark 2.4.5. The above argument goes through even when F' = X, so that for any
y € X, there exists a function G, () = G}’ (x) > 0 on X such that A,G,(z) =
—0y(z) and Gy(z) < Gy(y) forall z € X.

Proposition 2.4.16. If f(x)is any function on X, then it is of the form f(x) =
> (=4q) )Gy ().

Proof. Let u(x) = Y- (=A,) f()Gy (). Then, (~A,)u(z) = (~A,) f(z) for
all:ceX.HenceuEyf. a

Remark 2.4.6. The above proposition states that any real-valued function f on X is
of the form f = u — v on X, where Aju < 0 and Ajv < 0.

Ag-Poisson kernel. Let F be a proper subset of X. P, (x,§) forz € F and { € OF
is said to be the A,-Poisson kernel of F, if it is the g-Dirichlet solution on F' with
boundary values f(s) = d¢(s) forall s € OF; note P,(s, &) = d¢(s) for s,£ in OF

0
and A Py(z,§) =0ifz € Fand§ € OF.

Proposition 2.4.17. Let F' be a proper subset of X. Then, the Dirichlet solution on
F with boundary values f (§) on OF is given by h(x) = > P, (x,&) f(£).
ECOF

0
Proof. We have Ajh(z) = 0if x € F and h(s) = f(s) for any s € OF. Hence, by
the uniqueness of the g-Dirichlet solution, the proposition follows. O
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Theorem 2.4.18. Let F' be a proper subset of X. Let u, be a sequence of

g-harmonic functions on F. Suppose u,(§) — u(§) for every & € OF. Then {uy,}

converges on F' to a q-harmonic function h given by h(xz) = > Py(x,&)u(), if
€EOF

0
x € F,and h = u on OF.

Proof. By Proposition 2.4.17, h(z) = Y, Py(z,&)u(&) is a g-harmonic function
€COF

on F, being the Dirichlet solution on F' with boundary values u (). By hypothesis,
0
Uy, is g-harmonic on F, so that u, (z) = Y. P,(x,&)u,(§), x € F. Hence,
£EOF

£eor EEOF



Chapter 3
Harmonic Function Theory
on Infinite Networks

Abstract Similar to the classification of Riemannian manifolds as hyperbolic and
parabolic, an infinite network X is said to be hyperbolic if the Green function
is defined on X, otherwise X is said to be parabolic. Different criteria like
Minimum Principle, the harmonic measure of the point at infinity and the sections
determined by a vertex in X are introduced to effect the classification. The first
part of this chapter studies the properties of superharmonic functions in hyperbolic
networks: the existence of non-constant bounded or positive harmonic functions on
X, domination principle and balayage. The second part carries out, in parabolic
networks, the construction of superharmonic functions in X with point harmonic
singularity, similar to the logarithmic potentials in the plane; such functions do not
naturally appear in the context of random walks and electrical networks. Balayage,
Maximum Principle and the representation of harmonic functions outside a finite set
are considered in parabolic networks, leading to the concepts of flux at infinity and
pseudo-potentials which play an important role in developing a potential theory on
parabolic networks.

In the last chapter, we studied some properties of functions defined on finite graphs,
by using matrices. Many of the useful problems in electrical networks and Markov
chains are formulated as problems in finite graph theory. Yet, infinite graphs cannot
be ignored. For example, since we do not know how to find solutions of many
differential equations, we try to obtain their approximate solutions by various
means. One such method is to solve partial differential equations by the finite differ-
ence approximation, which involves horizontal and vertical displacements. This in
effect resembles an electrical grid which is a graph. However, for some differential
equations, like wave equations, the domain of existence of the solution may be
unbounded, suggesting a problem in a graph with infinite vertices and consequently
a need to consider situations like infinite electrical grids [73]. A similar connection
exists between infinite electrical networks and Markov chains [68].
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As a consequence of the inherent similarities between the basic structures of
infinite electrical networks and Markov chains, some problems in Markov chains
can be solved by the methods developed in the context of electrical networks and
in the other direction some problems in the context of electrical networks can
be more easily solved by probabilistic methods. Hence a common approach to
study these two subjects is desirable. This raises the possibility of introducing an
abstract structure, called simply an infinite network whose theoretical developments,
problems and methods of solutions will have some resemblances to and some
influences from infinite electrical networks and Markov chains.

3.1 Infinite Networks and the Laplace Operator

By an infinite network X, we mean a graph with a countably infinite number of
vertices and a countably infinite number of edges with the following properties:

1. X is connected. That is, given any two vertices a and b in X, there exists a finite
path {a = ag, a1, ..., a,, = b} connecting a and b. We say that the length of this
path is n.

2. X is locally finite. That is, for any vertex x, the number of neighbours of x is

finite. If x and y are neighbours, then we write = ~ y.

. X has no self-loop. That is, there is no edge from a to a.

4. For any pair of vertices = and y, there is an associated number ¢(x,y) > 0 such
that ¢(z,y) > 0 if and only if z ~ y. Consequently, note that for any vertex

x, Y. t(zx,y) = t(x) > 0. There are only a finite number of non-zero terms
yeX

in the summation. (Note that we do not place the restriction t(x,y) = t(y, z).

If t(x,y) = t(y,x) for every pair of vertices in X, then we say that X has

symmetric conductance.)

(O]

As defined earlier, let us say that for a subset E' of the infinite network X, x is
an interior vertex if and only if x and all its neighbours are in E. The set of all

0 0
interior points of E is denoted by E and the boundary of E is OF = E\ E . Let u

0

be a real-valued function defined on E. For z € F, let us define the Laplacian of

wat x as Au(z) = Y t(z,y)[u(y) — u(x)]. u is said to be superharmonic on E,
y

0

if and only if Au(xz) < 0 for every x € E; u is subharmonic on E if and only if
0

Au(z) > 0 for every x € E; and u is harmonic on E if and only if Au(x) = 0 for

0
every x € F . The following properties of superharmonic functions can be derived
as in the previous chapter:

1. If s; and s5 are superharmonic on a subset £ and if vy, g are two non-negative
numbers, then a1 + @282 and inf(sq, s2) are superharmonic on E.

2. If {s,} is a sequence of superharmonic functions on E such that s(z) =
liTILn sp () is finite at every x € E, then s is superharmonic on E.
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3. If s is a superharmonic function on a finite subset £, then mi}% s(x) = m(ia% s(2).
RS z€

As a consequence, if & is harmonic on a finite subset £ and if h = 0 on OF, then
h=0onkE.

0
4. Harnack Property: Let F' be a subset of X, and E be a connected subset of F'.
Let a and b be two vertices in E. Then, there exist two constants o > 0 and
(B > 0 such that for any non-negative superharmonic function s on F, as(b) <

s(a) < Bs(b).

Proof. Since E is connected, there exists a path {a = ao,ay,...,a, = b} con-
necting a and b in E. Take any non-negative superharmonic function s on F.
Then, t(a)s(a) > > t(a,z)s(x). In particular, t(a)s(a) > t(a,a1)s(ay). Again
t(ai)s(ar) > > tlar,z)s(x), so thatt(ay)s(ar) > t(a1,az)s(az). Hence

r~aq

t(a,a1)  t(ai,az)

> X .
=T ey
Proceeding further, we arrive at the inequality
t(a,a1)  t(a1,a2) t(an—1,an)

@) X H(an) ><...><ms(b)7

which is of the form s(a) > as(b). The other inequality s(a) < fs(b) is
proved similarly. Note that «v, 8 do not depend on the choice of the superharmonic
function s.

5. If s is superharmonic on F and v is subharmonic on F such that s > v, then there
exists a harmonic function A on E such that s > h > v on F; this function h can
be chosen such that if « is another harmonic function on E such that s > u > v,
then h > w. h is called the greatest harmonic minorant (g.h.m.) of s on F.

Using a Perron family, we proved a similar result in Theorem 2.4.10 to
construct the greatest g-harmonic minorant of a g¢-superharmonic function
defined on a finite set F'. The same method works also in an infinite network
X for the construction of the greatest harmonic minorant of s on an arbitrary set
Fin X.

6. Maximum Principle: Let F' be a finite subset in an infinite network X. Suppose
u is defined on X such that Au(x) > 0 at every vertex in F and v < 0 on X\ F.
Then u < 0 on X.

For, suppose sup u(x) = M > 0. Then u(zy) = M for some zy € F. If
zEF

xo € OF, there is at least one vertex z € X\ F' such that 2y ~ z. Then,
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0 < Aufwo) = Hao, z)[u(z) — u(wo)] <0,

xr~ITo
since u(x) —u(xo) < 0 forall x and u(z) —u(zo) < 0. This contradiction shows
that M < 0.

0
If xy ¢ OF, then xp € F . Take a vertex y € X \F. Since X is connected,
there is a path {xo, x1, ..., 2, = y} connecting z to y. Let ¢ > 1 be the largest

0 0
index such that x; € Fif j <4 — 1. Then z; € OF since x; ~ x;—1 € I'. Note
1 <n-—1lsincex, =y ¢ F. Also, u(xr) = M for 0 < k < ¢, which comes
from the fact that by induction, for j <7 — 1,

0< Muey) = Y tay,2)ule) - ule;)] <O0.

T

Since x; € OF, there exists some vertex a € X\ F' such that a ~ z;. Then
0 < Au(x;) = Z t(z;, x)[u(x) —u(z;)] <0,

since u(x) — u(z;) < 0 for all x and u(a) — u(x;) < 0 — M < 0. This
contradiction shows that M < 0, thatis v < 0 on X.

. We shall frequently use the above maximum principle in the form: Let F' be a

finite subset of an infinite network X. Let u be a real-valued function on X such
that Au = 0 at every vertex in F' and v = 0 on X\ F. Then u = 0.

Definition 3.1.1. A non-negative superharmonic function p defined on a subset £
is said to be a potential if and only if the greatest harmonic minorant (g.h.m.) of p
on Eis 0.

Alternatively, let s > 0 be a superharmonic function on E. Suppose v is an

arbitrary subharmonic function on E. Then, s is a potential if and only if s > v
implies that v < 0. Some of the properties of potentials are as follows:

1.

If p; and p9 are potentials on E and if o1 and ae are non-negative numbers, then
a1p1 + aaps is a potential on E.

First, a1p1 + aep2 is a non-negative superharmonic function on E. If oy =
0 = ag, then nothing to prove. Let oy > 0 and v be a subharmonic function
on E such that v < aip; + agps. Then, the subharmonic function % is
majorized by the potential p;. Hence v — agpy < 0. If g = 0, then v < 0.
Otherw1se < p2 and hence v < 0. Consequently, a1 p1 + aaps is a potential
on E.

. If s > 0 is superharmonic on £ and if p is a potential on E such that s < p, then

s is a potential on E.
For, if v is subharmonic on E and v < s, then v is majorized by the potential
p. Hence, v < 0.
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3. Let p(x) = > pn(z) < oo, for every & € E, where each p,, is a potential on
n>1

E.Then,pisa potential on E.
First note that p is superharmonic on £ to prove that p is actually a potential,
let v < p where v is subharmonic on E. Then v(z) — > pn(z) < p1(z). Here
n>2

the left side is subharmonic and the right side is a potenti}tl, sothatv — ) p, <
0. By a similar argument, for any integer k, v < Y p,. Let = be annazri)itrary
vertex in E. Since ) py(z) is convergent, for m Tazrge > pn(x) < €. Hence,
v(x) < e. Since e izzaibitrary, v(z) < 0. This means tha?z%?g a potential on .
Caution: Let p,, be a sequence of potentials on E and let p(x) = hfln pn(x) be

finite for each € E. Even then, we cannot say that p is a potential on E. For,
we shall show later that any superharmonic function s > 0 on E is an increasing
limit of potentials on E.

4. Riesz representation: Any superharmonic function s > 0 on E can be written
as the sum of a potential and a non-negative harmonic function on F; and this
representation is unique.

For, if h is the gh.m. of s on F, then s > h > 0 so that the g.h.m. of the
non-negative superharmonic function p = s — h is 0. Hence p is a potential and
s = p+ h on E. Suppose s = p; + h; is another such representation, then
p = p1 +hi —h > hy — h. Since p is a potential majorizing the harmonic
function hy; — h, we conclude h; — h < 0. Similarly, we prove h — h; < 0.
Hence, h = h; and consequently, p = p;.

We have defined potentials on E. But it is not obvious that on any subset E' of
an infinite network X, there exist positive potentials. In fact, there are networks
without having any positive potential defined on them.

Definition 3.1.2. An infinite network X is said to be a hyperbolic network if and
only if there exists a positive potential on X; otherwise, X is called a parabolic
network.

Proposition 3.1.1. If there exists a non-constant positive superharmonic function
on X, then X is hyperbolic.

Proof. Let s > 0 be a non-constant superharmonic function on X. (Recall that
a harmonic function is both superharmonic and subharmonic.) For some a € X,
let u(z) = %, which is a non-constant superharmonic function. Let v(z) =
inf(u(z),1). Then, we know that v is superharmonic on X, but it cannot be
harmonic. For, if v were harmonic, then v attains its maximum value at * = a,
and hence by the Maximum Principle v = 1. This implies that the superharmonic
function v > 1, attains its minimum at x = a so that u should be a constant,
a contradiction. Consequently, v being (non-harmonic) positive superharmonic, in
the Riesz representation v = p + h, we should have p > 0. Hence, X is hyperbolic.

O
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Corollary 3.1.2. X is parabolic if and only if every positive superharmonic
function on X is a constant.

Proof. If every positive superharmonic function is constant on X, there cannot be
any positive potential on X, hence X is parabolic. Conversely, if there exists a non-
constant positive superharmonic function on X, then X is hyperbolic by the above
theorem. O

We have given in Corollary 1.4.3 a Minimum Principle for superharmonic
functions on a set F consisting of only a finite number of vertices. If E is not
necessarily finite, we need certain modifications.

Proposition 3.1.3. Let X be hyperbolic. Let E be an arbitrary proper subset of X.
Suppose v is superharmonic on E such that v > 0 on OE and v > —p on E, where
pis a potential on X. Then, v > 0 on E.

Proof. Let u = inf(v,0) in E extended by 0 outside E. Then, u is superharmonic
on X and u > —pon X. Since p is a potential majorizing the subharmonic function
—u on X, we conclude that —u < 0 on X. In particular, on E, u > 0 and hence
v > 0. O

Corollary 3.1.4. Let X be hyperbolic. Let E be an arbitrary set of X. Suppose h
is harmonic on E such that h = 0 on OF and |h| < p on E, where p is a potential
on X. Then, h = 0.

Proof. Since h > —p and —h > —p on E and h = 0 on JOF, by the above
proposition, h = 0. a

Proposition 3.1.5. Let X be parabolic. Let E be an arbitrary proper subset of X.
Suppose v is a lower bounded superharmonic function on E and v > 0 on OE.
Then, v > 0on E.

Proof. Let u = inf(v,0) on E extended by 0 outside E. Then, u is superharmonic
on X and lower bounded too. Hence, u is constant since X is parabolic. That is,
u=0sothatv > 0on E. O

Corollary 3.1.6. Let X be parabolic. Let E be an arbitrary subset of X. Suppose
h is a bounded harmonic function on E. If h = 0 on OF, then h = 0.

Proof. This is a simple consequence of the above proposition. a

Recall that Theorem 2.4.11 has been proved without any reference to whether the
network X is finite or not, by using a Perron family of superharmonic functions.
We shall state that theorem here.

Theorem 3.1.7. (Generalised Dirichlet Problem for infinite networks) Let F be a

subset of an infinite network X and E C Jg Suppose [ is a function defined on
F\E such that v < f < won F\E where u and v are defined on F, v < uon F,
Au < 0and Av > 0 at each vertex in E. Then, there exists a function h on F' such
thatv < h < wonF, h = fon F\E, and Ah(z) = 0 at each v € E, and the
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function h can be so chosen that if hy is another such harmonic function on F with
these three properties, then hy < h.

Proof. Letu; = fon F\E and u; = uon E.Letv; = fon F\E and v; = v on
E. Then, as shown in the proof of Theorem 2.4.11, Auy(z) < 0 and Awvy(z) > 0
at every vertex in E. Let & be the family of real-valued functions s on F' such that
v<wv <s<wu <wuonFand As > 0 on E. Then ¥ is a Perron family of
subharmonic functions on E ( see the proof of Theorem 2.4.11). Hence, if h(z) =
sups(z),z € F, s € S, thenv < h <wuon f,h = fon F\E, and Ah = 0 at
every vertex in F.

Suppose h; is another function on f such that v < hy < won F, hy = f on
F\E, and Ahi(x) = 0 at each vertex x in E. Then, h; € < and consequently,
hy < h. O

Corollary 3.1.8. Let X be hyperbolic. Suppose E is a subset of X. Let [ be a
function on OF such that | f| < p on OF where p is a potential on X. Then, there
exists a unique harmonic function h on E such that h = f on OFE and |h| < p on E.

Proof. The existence follows from the above theorem and the uniqueness is from
Corollary 3.1.4. O

Corollary 3.1.9. Let X be parabolic. Suppose E is a subset of X. Let f be a
bounded function defined on OFE. Then there exists a unique bounded harmonic
function h on E such that h = f on OF.

Proof. The existence of a harmonic function on F such that h = f on OF is a
consequence of the above theorem. For the uniqueness, suppose h; is another such
function. Write ¢ = hy — h, so that ¢ is bounded harmonic on E with boundary
value 0. Hence, by Corollary 3.1.6, ¢ = 0. a

Theorem 3.1.10. (Balayage) Let s be a non-negative superharmonic function on
a network X. Let A be a proper subset of X. Then, there exists a non-negative
superharmonic function RZ on X such that R} < s on X, R? = s on A, and
ARA(x) = 0ifx € X\A. If there exists a potential p on X such that s < p on A,
then R% is a potential on X.

Proof. In Theorem 3.1.7 (Dirichlet problem) take F = X\ A, F' = V(E) which is
the set consisting of E and all the neighbours of each vertex in E, f = s, u = s,
and v = 0. Then, there exists a function h on F' such that Ah(z) = 0if z € E,
h=son F\E,and 0 < h < son F. Let R? denote the function h on F' extended
by s on X'\ F. Then, R is a non-negative superharmonic function on X, having the
properties stated in the theorem.

Suppose p is a potential on X such that s < p on A. Then in the above paragraph,
replace s by s1 = inf(s, p) which is a potential on X . Hence R;“l is a potential since
it is majorized by the potential s;. Take RZ as the potential R?r Since s1 = son A,
we notice that R2 has the stated properties, in addition to being a potential on X

O
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Remark 3.1.1. If X is parabolic, then the non-negative superharmonic function s is
constant and we take RZ' = s on X . Hence the balayage in this form in a parabolic
network is not important. Theorem 3.4.4 gives a different version of balayage in a
parabolic network.

3.2 Classification of Infinite Networks

We have so far seen two classes of infinite networks, hyperbolic and parabolic. In
this section, we shall carry out further classifications of networks so that certain
unified results in each class can be formulated. Let us fix a vertex e. Foreach e; ~ e,
we shall refer to the subset [e, e;] = {x: there exists a path joining x to e which
passes through e; } as the section determined by e and e;. It is assumed that e and e;
are in [e, e;]. Then, [e, ¢;] and [e, ¢;]\ {e} are connected, may be a finite set. Since
X is an infinite set and since e has only a finite number of neighbours, then at least
one [e, e;] should contain an infinite number of vertices. [e, ;] is referred to as an
infinite section if there are infinite vertices in it; otherwise [e, e;] is a finite section.
If e; and e; are two neighbours of e, then either [e, e;] and [e, e;] are two sections
having e as the only common vertex or [e, e;] = [e, e;]. If E; = [e, e;], then each
x € E;\{e} is an interior vertex of E;. For, if x € E;\ {e} and if y ~ x, then
RS E,L

Proposition 3.2.1. Let E; = e, ;] be a finite section. Let u be a function defined
on E; such that u(e) = 0 and Au(z) = 0 at each x € E;\ {e} . Then u = 0.

Proof. Suppose u takes positive values on E;. Then max u(z) = M > 0. Let
6 .

u(y) = M fory € E;. As Au(z) = 0 foreach z € E;\ {e}, u(z) = M at all
neighbours z of y. Since the vertex y is connected to the vertex e, by induction, we
should have u(e) = M > 0, a contradiction. Hence, v < 0 on E;; and similarly we
prove v > 0 on E;. Thus, u = 0. O

Theorem 3.2.2. Let E; = e, e;] be an infinite section. Then, there exists h > 0 on
E; such that h(e) = 0, h(x) > 0 ifz € E;\ {e} and Ah(x) = 0 at every vertex
x € Ei\{e}.

Proof. For z € X, let |z| denote the shortest distance of z from e. Let B, =

{z : x| <n}.Let B,, = By N e, e;]. Then, by using the Dirichlet solution, there

is a function w,, on B,, such that 0 < u,, < 1, u,(e) = 0, and u,(y) = 1if
0

0

y € OB,\ {e}, un, > 0on B, \ {e}, and Au,,(z) = 0if 2 € B, \ {e}. Assume
Uy, is extended to the rest of E; by giving the value u,,(a) = 1 foreach a € EZ\B;I
Clearly, u,, is a superharmonic function on F;. Fix a vertex , a # e, and define
vp(x) = un(z) on B, Then, v, > Oisa superharmonic function on E;, v, (a) = 1,

wn (a)

vn(e) =0and v, > 0on E;\ {e}.
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Take a vertex b in E;\ {e}. Then, by the Harnack property, there is an o > 0
such that v, (b) < av,(a) = « for all n. Hence, we can extract a subsequence

{v;l} from {v,,} such that lim v, (b) exists. Take another vertex k in E;\ {e}.

Then, by using the same argument, we can extract a subsequence {v;; } from {v;}

such that lim v, (k) exists. Note that lim v, (b) also exists. Since E; is countably
n—oo

n—oo

infinite, this method shows that there exists a subsequence {v; } of {v,,} such that
h(z) = nh—>n;o vX(x) exists for each x € E;\ {e}.

Since v} > 0 is superharmonic on E;, v} (e) = 0 and v} (a) = 1, we find h(x)
is superharmonic on F;, h(e) = 0 and h(a) = 1. Hence, h(z) > 0if z € E;\ {e}.
Finally, at any vertex z in E;\ {e}, Av’(z) = 0 for all n sufficiently large, so that
h(z) is harmonic at z. O

Notation: In an infinite network X, let e be a vertex. Denote by H (e) the set
of non-negative functions in X such that h(e) = 0 and Ah(z) = 0 if z # e. Note
that F (e) contains at least one function % not identically 0. For, if E is an infinite
section determined by e, define h on E such that h(e) = 0 and h(z) > 0, Ah(x) =
0if 2 # e. This function h extended by 0 outside E is in H (e).

Definition 3.2.1. Let E; = [e,e;] be an infinite section. Then, by the above
theorem, there always exists at least one function h > 0 on E; such that h(e) = 0
andforx € E;\ {e}, Ah(z) = 0and h(z) > 0. E; is called a P-section if one such
function A is bounded. Otherwise, F; is called an S-section, that is in an S-section
every such function / is unbounded.

Example: Let T" be a standard homogeneous tree of degree ¢ + 1, ¢ > 2, that is
every vertex in 7" has exactly ¢ + 1 neighbours and ¢(z,y) = t(y,x) = qJ%l for any
pair x ~ y. Let e be any fixed vertex. Then, there are ¢ + 1 sections determined by
e, each of which is infinite. Measuring distances from e, define h(e) = 0, h(e;) = 1

n
if e, ~ e, and h(z,) = Y ¢ % if |x,] = n + 1. Then, Ah(e;) = (0 — 1) +
k=0
q{(l—l—%)—l} = 0;and if * ~ e;, * # e, then Ah(x) = [1—(1+§)} +
q {(1 tot ) -+ %)} = 0. Now, for n > 1, z,, has one neighbour y with
|y| = n and ¢ neighbours z; with |z;| = n + 2. Hence,

> Han, ©)h(z) = txn, y)h(y) + 3 twn, 25)h(z;)

Ty ~T J=1
1 1 k n+1 k
[ - +— -
g+1 zo: 1 qg+1 zo: 1
1 ntl _ 1
- — x4 — h(wn)
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That is, h is harmonic at all vertices in F;\ {e} . Since ¢ > 2, h is bounded. Hence
FE); is a P-section.

But on a P-section, there can be unbounded positive harmonic functions with the
above properties. For example, when ¢ = 2, let [e, e;] be a section. Define h > 0
on [e, eq] such that h(e) = 0, h(e1) = 1;if 211, 12 are the other neighbours of e,
let h(x) = 1if z = x12 or a descendant of x12. Take h(x11) = 2. Let a91, 222
be the other neighbours of 217. Let h(z) = 2 if z = x9; or a descendant of xo;.
Take h(z22) = 3 and so on. Then h > 0 is harmonic at each vertex in [e, e1]\ {e} ,
h(e) =0, h(e1) = 1and h(zp,) = n+1ifn > 1. Thus on the P-section [e, e1], an
unbounded harmonic function & > 0 is defined such that h(e) = 0 and h(eq1) = 1.

Remark 3.2.1. 1If [e, e1] is an infinite section and if 2 > 0 is an unbounded harmonic
function on [e, e1] such that h(e) = 0 and h(e1) = 1, then the above example
shows that it is not possible to decide whether [e, e1] is a P-section or an S-section,
based on the function h. Hence Theorem 3.2.3 gives a better way to characterize
P-sections. However, Definition 3.2.1 gives a more practical way of distinguishing
P-sections from S-sections.

Example: (a) Let X = {e, e1, eq,...} be a linear network, with ¢(z,y) = % for
any pair x ~ y. Then, E = [e,e1] = X is an infinite section. Suppose, h > 0 is
defined on E such that h(e) = 0, h(e1) = 1 and Ah(z) = 0 forevery x € E\ {e}.
Then, h(e,,) = n for all n > 2. Hence, F is an S-section.

(b) Let X consist of two infinite rays {e, ey, x1,22,...} and {e,e2,y1, 92, ...}
with a common vertex e. Assume e; ~ e and t(z,y) = % for any pair of
neighbouring vertices x and y. Then, [e, e1] = [e, e2] = X. Let h > 0 be defined on
X such that h(e) = 0 and Ah(x) = 0 for every z € X \{e}. Suppose h(e1) = a
and h(e2) = b. Then, using the property Ah(x) = 0 for x € X\{e}, we calculate
h(zn) = (2n+1)a—nb, and h(y,) = (2n+1)b—na, forn > 1. The properties of h
then show that h cannot be bounded, that is [e, e1] is not a P-section. If a = b = 1,
then we get an unbounded non-negative harmonic function h on [e, e1] such that
h(e) = 0and Ah(x) =0if x # e.

3.2.1 Harmonic Measure at Infinity of a Section

In R™, n > 2, when we solve the Dirichlet problem in || > 1with boundary values
Oon |z| = 1 and 1 at the Alexandroff point at infinity, the solution h is identically O
when n = 2 and h > 0 when n > 2. We then say that the harmonic measure of the
point at infinity is 0 in 2 and positive in R, n > 3. This distinction characterizes
the profound difference in the study of potential theory in i*? on the one hand and
in ®™, n > 3, on the other. (See, for example, [27] and pp.103—112 in [5]) This is
also a basis for the classification of Riemann surfaces as parabolic and hyperbolic.
An analogous development in the discrete case of a network can be carried out as
follows.
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Let E = [e, e1] be an infinite section. As in the proof of Theorem 3.2.2 , let u,,
be the function defined on E with the properties: 0 < u,, < 1 on FE, u,(e) = 0,
un(y) = 1ify € 9B,,\ {e} where B,, = B, N[e,e1], un(a) = 1ifa € E\B,, and

0

Au,(z) = 0if 2 € B, \ {e}. With these properties, u,(y) = 1 and Auy,(y) <
0if y € 9B,\ {e}. Moreover,{u,} is a decreasing sequence in E. Let h(x) =
lim w,(x), 2 € E. Then, 0 < h(z) < 1ifx € E, h(e) = 0 and Ah(y) = 0 if

n o0

y € E\ {e}. By the Minimum Principle, either h = 0or0 < h < 1 on E\ {e} . We
say that the harmonic measure at infinity of the section E is 0 if h = 0; otherwise
the harmonic measure at infinity of the section F is said to be positive.

Theorem 3.2.3. Let E = [e, e1] be an infinite section in a network X. Then, E is a
P-section if and only if the harmonic measure at infinity of the section E is positive.

Proof. Let E be a P-section. Then, by definition, there exists a bounded function u
on E such that 0 < v < M, u(e) = 0 and Au(z) = 0if z € E\ {e}. Let v(z) =
%. Then, by the Maximum Principle, u,(z) > v(x) on B, and consequently,
un () > v(x) on E, which implies that h(z) = lim wu,(z) > v(z) on E. That is,
the harmonic measure at infinity of the section FE is positive.

Conversely, if the harmonic measure at infinity of F is positive, then there exists
a function h on E such that 0 < h(z) < 1 and Ah(z) = 0if z € E\ {e} and
h(e) = 0. The existence of such a function in E means that F is a P-section. O

Theorem 3.2.4. A network X is hyperbolic if and only if a vertex e in X determines
at least one P-section.

Proof. Let E = [e,e;] be a P-section determined by the vertex e. That is, there
exists a bounded function o > 0 on E, such that h(e) = 0, h(x) > 0 and
Ah(z) = 0 forevery x € E\ {e}. Extend h to X by giving the value O for the
vertices outside £. Then, A > 0 is a non-constant bounded function on X such that
Ah(y) > 0 whenever h(y) = 0. Consequently, (—h) is a bounded non-constant
superharmonic function on X. Hence (Proposition 3.1.1), there exists a positive
potential on X, that is X is a hyperbolic network.

Conversely, let X be a hyperbolic network. Let p > 0 be a potential on X. Let

q(x) = inf (%, 1) . Then 1 > ¢ is a potential on X, g(e) = 1. If ¢ = 1 at each
one of the infinite sections determined by the vertex e, then ¢ = 1 outside a finite
set in X. Then, by the Minimum Principle, ¢ > 1 on X. This means that ¢ = 1 on
X, which implies that p(z) attains its minimum at z = e and hence constant, not

true. Hence, there is an infinite section E' = [e, e1] in which ¢(y) < 1 for some y in
E\ {e}.

Now in Theorem 3.1.7 (Dirichlet solution), take F' = X so that }g‘ = X and
X\ {e} C ]g. Take f(z) = 1 when z = e, u(x) = ¢(x), and v = 0. Then,
there exists a function h(z) on X such that 0 < h(z) < g(z) < 1, h(e) = 1

and Ah(xz) = 0if x # e. Note that, Ah(e) < 0. Hence, h is a non-negative
superharmonic function on X, majorized by the potential ¢, so that h itself is a
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potential on X. Since h(e) > 0, h is a positive potential on X. Now, h(y) < q(y) <
1 so that h(z) < 1forz € E\{e}; for, if h(z) = 1 at some z € E\ {e} which
is connected, then by the Maximum Principle h = 1 on E\ {e}, a contradiction.
Consequently, when = € E\ {e}, 0 < h(z) < 1 and Ah(xz) = 0 and h(e) = 1.
Define h/(x) = 1 — h(z) on E\ {e} Then, 0 < h/(z) < 1 on E\{e}, h'(e) =0
and when x € E\ {e}, h/(x) > 0 and AR/(x) = 0. Thatis, F is a P-section. O

Lemma 3.2.5. Suppose {E,} is an exhaustion of X by finite connected circled
sets (as explained in Sect. 1.2). Let s be a superharmonic function on X. If h., is the
Dirichlet solution on E,, with boundary value s on OF,,, then h,, is a decreasing
sequence. Ifnli_)ngo hn(x) = h(x), then either h = —oc or h is the g.h.m. of s in X.

In particular, if s is a potential then lim [s(x) — h,(x)] = s(x) for each x € X.

Proof. Suppose u is a harmonic function on E,, majorized by s. Then, by the
Minimum Principle, h,, — v > 0 on E,,. Since h,,+1 is harmonic and is majorized
by s on E,+1 D FE,, we conclude that h,, — h,4+1 > 0 on E,. Since the limit
of a decreasing sequence of harmonic functions is either —oo (with the convention
0o — oo = 0) or finite everywhere, h(x) = nlirr;o hy(z) is either identically equal to
—oo or is harmonic on X . In the latter case, if v is any harmonic function on X such
that v < s, then h,, > v on E,, and consequently, in the limit 4 > v on X. That
is, if A is harmonic on X, then it is the g.h.m. of s in X. The last assertion follows
from the fact that if s is a potential, its g.h.m. is 0. O

Theorem 3.2.6. (Potentials with point harmonic support) Let X be a hyperbolic
network. Then, for any vertex e, there exists a unique potential G.(x) on X such
that AGe(x) = —0.(x). Moreover, if a and b are two vertices in X, and if X has
symmetric conductance, then G,(b) = Gy(a).

Proof. Since X is hyperbolic, there exists a P-section E = [e, e1] determined by e.
That is, there exists a bounded function » > 0 on E such that h(e) = 0, and
h(z) > 0, Ah(z) = 0 for z € E\ {e} . Extend h by 0 outside E so that as remarked
in the proof of the above Theorem 3.2.4, (—h) becomes a bounded superharmonic
function on X. Let u be the g.h.m. of (—h) so that p = (—h) — w is a positive
potential on X which is harmonic outside e. (Then, we say that p has point harmonic
support at E.) Define now, G.(x) = (72()&2(8) on X. Then, G.(x) is a potential on
X such that AG.(z) = —d.(x).

To prove the uniqueness, suppose v is a positive potential on X, such that
Av(z) = —de(x). Then, A(G.—v) = 0on X so that G, —v = a harmonic function
H on X. Since H < G, we find H < 0; since —H < v, we find —H < 0. We
conclude, H = 0 and hence the uniqueness of the potential with point harmonic
support.

To prove the symmetry, let us take an exhaustion { F,, } of X by finite connected
circled sets. Write p(z) = G, (z) and ¢(z) = Gp(z). Let u,,(z) be the Dirichlet
solution on F,, with boundary value p(z). Let p,,(z) = p(x) — u,(x) on E,,. Since
p(x) is a potential on X, by Lemma 3.2.5, nh—{go pn(x) = p(x) forz € X. Similarly,
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if gn(z) = ¢q(x) — vn(x) on E, where v, (z) is the Dirichlet solution in E,, with
boundary value g(z), then lim ¢, (z) = g(x). Now, by the Green’s Formula,

Z[pnAQn_QnApn = Z[png)qi - n%]v

TL
0
E,

where for n large, a,b € E Since Ag,(x) = —dp(z), App(z) = —d4(x), and
Pn = ¢n = 0on aEm we find —p,, (b) + ¢n(a) = 0. Allow now n — oo to obtain
—p(b) + q(a) = 0. That is, G, (b) = Gp(a). |

Note. The uniquely determined potential G (z) with point harmonic support at e
is bounded on X. (Recall that if s is a superharmonic function on X and if A is
a subset of X such that As(z) = 0 for each = in X \ A, then s is said to have
harmonic support in A.)

Corollary 3.2.7. Let h be a harmonic function defined outside a finite set in a
hyperbolic network. Then there exist on X, potentials p1, pa with finite harmonic
support and a unique harmonic function H, such that h = py — ps + H outside a
finite set. The harmonic function H on X is bounded if and only if h is bounded.

Proof. By hypothesis, we can assume that Ah(z) = 0 at every vertex © € X\ A4,

0

where A is a finite set in X, and & is defined on 0A. Extend h on A, by taking

the Dirichlet solution with boundary values h on JA. Define H(z) = h(x) +
> [Ah(2)]G:(x) on X. Note that AH(z) = Ah(z) + [Ah(2)](-1) = 0 if

z€0A

z € 0A,and AH (z) = 0if v ¢ OA. Thatis, AH = 0 on X, that is H is harmonic

on X. Write

ST [AREIG: () = Y (AR C.@) = Y [4h(:2)]Galw)

z€E0A z€EDA z€EDA

= pa(x) — p1(x),

where p; and p, are two potentials with finite harmonic support in 0A. Then, h =
p1 — po + H outside the finite set A.

To prove the uniqueness of the harmonic function H, let h = q; — g2 + H; be
another such representation outside some finite set. Then, p1+g2+H = q1+p2+H;
outside a finite set. Note that if s is superharmonic on X and w is subharmonic on
X such that s > w outside a finite set, then by the Minimum Principle s > w on X.
Consequently, H; — H < p; + g2 outside a finite set implies that the potential
p1 + g2 majorizes the harmonic function H; — H on X. Hence, H; — H < 0 on
X; similarly, H — H; < 0. This proves that the harmonic function H is uniquely
determined by h.

The remark about the boundedness of H comes from the construction of A, since
G.(x) is bounded on X for any fixed z € X. O
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Corollary 3.2.8. Let s be a non-negative superharmonic function on a hyperbolic
network X. Let A be a finite set of vertices in X. Then, the balayage function RZ' is
a potential on X.

Proof. Letp(z) = > s(a) g‘*gzg Since A is a finite set, p(z) is a potential on X;
acA “

also, p(z) > s(x) if z € A. Hence, by Theorem 3.1.10, RZ is a potentialon X. [
Theorem 3.2.9. (Green’s function on a set) Let F' be an arbitrary set in a hyper-

0
bolic network. Then, for any a € F, there exists a unique potential GE (z) on F such

that AGE (z) = —6,(z) forx € }%, GE(2) = 0 for z € OF and G (z) < G4 (7)
ifreF.

Proof. Take the Green potential G, () with point harmonic support in X (Theorem
3.2.6). Then, there exists (Theorem 3.1.7) a non-negative harmonic function h on
F such that h(z) = Gu(z) if z € OF and 0 < h(x) < G4(x) on E Define
GE(z) = Gu(x) — h(z) if z € F. Then, GE(z) has the stated properties. The
uniqueness of GI'(z) follows Corollary 3.1.4. O

3.2.2 Positive Harmonic Functions on a Network

If X is a parabolic network, then we know that any positive harmonic function on X
is a constant. But in the case of a hyperbolic network, it is possible that there are non-
constant positive harmonic functions also on X. To classify hyperbolic networks
depending on the existence of positive harmonic functions on X, we introduce
the following definition of harmonic dimension of a hyperbolic network X . (Heins
[48] has introduced the notion of harmonic dimension of the point at infinity in
the context of a parabolic Riemann surface.) A similar development in the case of
axiomatic potential theory with positive potentials is given in [6].

Definition 3.2.2. Let e be a fixed vertex on a hyperbolic network X. Then, the
harmonic dimension of X is the cardinality of the set of positive harmonic functions
h on X such that h(e) = 1.

Note that the harmonic dimension of X is independent of the choice of the
vertex e. For, if $(e) is the family of positive harmonic functions » on X such that
h(e) = 1 and I(ey) is the family of positive harmonic functions h; on X such that
hi(e1) = 1, then the map h(x) — hy(z) = }i"((;)) establishes a bijection between
S(e) and S(ey).

To determine the harmonic dimension of X, the sections determined by the
vertex e are useful.

Theorem 3.2.10. In a hyperbolic network, let HO+ (e) be the set of non-negative
functions h on X such that h(e) = 0 and Ah(x) = 0 for eachx # e. Let H' denote
the set of non-negative harmonic functions on X. Then, there is a bijection T :
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H{ (e) — H™ such that if hy, he € H (e) and cy, co are non-negative constants,
then T(Clhl + Cghz) = ClT(hl) + CQT(hQ).

Proof. Let h € H{f (e). Since X is hyperbolic, h = p; — ps + H outside a finite
set, where H is a uniquely determined harmonic function on X (Corollary 3.2.7).
Since h > 0, —H < p; — p2 < p; outside a finite set, which implies that —H < p;
on X. Hence, H > 0. Write T'(h) = H, so that |h — T'(h)| < p = p1 + p2 which
is a potential. Suppose u € H™ such that |h — u| < g where ¢ is a potential in X.
Then, |u — T'(h)| < p+ g on X so thatu = T'(h).

Thus, we can meaningfully define a map 7' : H; (e) — H™ such that for h €
H{ (e), T(h) is the unique function in H* such that |h — T'(h)| < p, where p is a
potential in X . (Remark that 7'(h) is the least harmonic majorant of the subharmonic
function h on X. For, if h = p; —p2+ H outside a finite set, then h— H = p; —ps <
p1 outside a finite set so that h — H < 0 on X. Again, if v is a harmonic function
on X such that h < v, then H — v < ps — p1 < po, so that H — v < 0. Hence
H =T(h) is the least harmonic majorant of & on X. Consequently, if / is bounded
then T'(h) is bounded.)

Ifhl, hg € HS_(G), then |h1 — T(h1)| < P1 and |h2 — T(h2)| < D2 wherephpg
are potentials on X . Consequently, for non-negative constants c;, co we have

lerhy + cahg — [e1T'(hy) + c2T'(h2)]| < e1p1 + capo.

Since ¢1p; + copo is a potential on X, 1T (hy) + coT'(ha) = T'(c1hy + c2hs).

Now, T is a one-one map. For, if T'(hy) = T(hs), then the inequalities
|hi = T(h1)] < @ and |hy — T'(he)| < g2 outside a finite set would imply
that |hy — ha| < ¢1 + ¢2 outside a finite set. Now, A(hy — hy) = 0 at every
vertex in X\ {e}, so that A(Jhy — h2|) > 0 at every vertex in X\ {e}; since
|hi(e) — ha(e)| = 0 also, it is immediate that |hy — hz| is subharmonic on X and
also is majorized by the potential ¢; + go outside a finite set. Hence, |h; — ha| =0
on X, thatis hq = hs.

Finally to show that the map 7 is onto, take u € Ht. Write v = Su = u — RS.
Recall that the balayage function R, is a potential (Corollary 3.2.8) on X. Then,
v > 0on X, v(e) = 0, and Av(z) = 0 when z # e. Thatis, v € Hy (e).
Let T(v) = f € HT. Then, there exists a potential ¢ on X such that [v — f| <
g on X. That is, |(u — R%) — f| < g on X, so that [u — f| < ¢ + RS. Now,
|u — f| is subharmonic on X and ¢ + RS, is a potential on X, so that [u — f| < 0.
Consequently, 7'(v) = u. Hence, T : H (¢) — H™ is an onto map. O

Note that if hq, ho € ng(e), then ho = Ah; for some constant A > 0, if and
only if T'(ha) = AT (hy). Consequently, if we introduce an equivalence relation ~
in Hy (e) by saying that h ~ k' if and only if A" = Ah for some A > 0, then the
number of non-zero equivalence classes in H'(e) is the harmonic dimension of X.

Proposition 3.2.11. In a hyperbolic network X, if a vertex e determines more than
one infinite section, then there exists a non-constant harmonic function h > 0 on X.
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Proof. In any network, an infinite section E = [e, e;] determined by a vertex e
introduces a function h € HJ (e). For, there is a function & > 0 on FE such that
h(e) = 0 and h(z) > 0 and Ah(z) = 0if x € E\e. Extend h by 0 outside F to
define a function h € H (e). This h can be chosen as a bounded function if E is a
P-section and £ is unbounded if E is an S-section.

Here, since X is hyperbolic, any vertex should determine at least one P-section.
If the second infinite section also is a P-section, then there are two bounded non-
proportional harmonic functions in H{ (e); and they correspond to two bounded
non-proportional harmonic functions in H+ by Theorem 3.2.10. Hence, at least one
of them is a bounded non-constant harmonic function on X.

On the other hand, if the second infinite section is an S-section, then there
exists an unbounded harmonic function in H; (e) and hence there is an unbounded
harmonic function in H7. O

3.2.3 Integral Representation of Positive Harmonic Functions

Any positive harmonic function in the ball B(0, R) in ®", n > 2, has a Poisson-

2 12
Stieltjes integral representation | R”_Qllz—:glﬁlrdu(y) where (1 is a positive regular
S

Borel measure on the boundary S. In 1941, Martin obtained this representation
(known now as the Martin Representation) for positive harmonic functions defined
on any bounded domain 2 in ®”. To achieve that, Martin introduced a new topology

A
on (2 such that there exists a compact space (2 in which (2 is dense open. The

boundary f\z \ {2 (known as the Martin boundary of {2) is generally different from
the Euclidean boundary 042 of (2. It is a fascinating problem to look for domains {2
for which the Martin boundary can be identified with the Euclidean boundary. When
(2 is a ball, the boundaries are the same (see Brelot [29]); for some other domains
for which the two boundaries can be identified, we can cite Lipschitz domains
which include all bounded domains with smooth boundaries [49], Nontangentially
accessible domains [50] and Uniform domains [4]; if {2 is the half-space in the

A
Euclidean space R™, then the Martin compactification (2 is homeomorphic to

N U{oo} . Later in 1956, Choquet obtained the Martin Representation in an abstract
setting dealing with extremal elements and barycentres. In this paragraph, we use the
Choquet integral representation theory [39, pp.299-309] in the context of positive
harmonic functions defined on a hyperbolic network X . Let H;" denote the class of
positive harmonic functions on X taking the value 1 at a fixed vertex e.

Proposition 3.2.12. Suppose {hy} is a sequence in Hf' converging to h at each
vertex in X. Then h € H{ .

Proof. It is enough to prove that A is finite at every vertex in X. Recall (Sect. 3.1)
the Harnack property in X: Given two vertices a and b in X, there are positive
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numbers « and /3, depending only on a and b, such that as(b) < s(a) < Bs(b) for
any positive superharmonic function s on X.

Let y be an arbitrary vertex in X. Then ah,(e) < hy(y) < Bhn(e). Hence
{hn(y)} is bounded and since h,, — h, we see that h(y) is finite. The vertex y being
arbitrary, we conclude that £ is real-valued and further as the limit of a sequence of
harmonic functions,  is harmonic on X and h(e) = 1. Thatis, h € H;'. O

Proposition 3.2.13. Suppose {h,} is a sequence of harmonic functions in H1+ .
Then there exists a subsequence of {hy} converging to a function h in H 1+ .

Proof. We have just remarked that for any y in X, o < h,,(y) < (. Since {h,(y)}
is bounded, then there is a subsequence {h;} of {hy} such that lim h, (y) is
finite. Let z be another vertex in X. Then, as before we can extract g ;uogsequence
{h;} from {h;l} such that lim A, (z) is finite; clearly, lim h,, (y) also is finite.
Since X has only a countabileﬂnoljmber of vertices, the ab?);eoomethod allows us to

extract a subsequence from the original sequence {h,, } , converging to a real-valued
function h on X. Then, by the above Proposition 3.2.12, h € H;". O

Remark that H7 is a convex cone, that is if u,v € H*, then au + Bv € HT,
where «, § are any non-negative numbers. Further, inf(u,v) is a non-negative
superharmonic function on X. Let & be the greatest harmonic function on X (see
Theorem 2.4.10) such that 0 < h < inf(u,v). Similarly, we can find the smallest
harmonic function w in H* such that sup(u, v) < w < u+v. Thus, H is a lattice

for the natural order. If f,g € H™, define || f — g|| = sup %. Let us
rzeX

write E = HT — HT.If f,g € E, define || f — g|| = sup %. Then,
zeX - -

E provided with the vertexwise convergence is locally convex and metrisable. In
E, H™ is a convex cone which is a lattice for the natural order, and by Proposition
3.2.13, Hfis a compact base.

A base for a convex cone C' with vertex 0 in a locally convex space E is the
convex subset B = 7w N C' where 7 is a hyperplane not containing 0 but intersecting
all the generators of C. An element u € C' is said to be extremal if whenever u
has a representation of the form u = Auj + (1 — A)ug where ui,us € C and
0 < X\ <1, then w is either uy or uy. That is, w is an end point of any segment in C'
that contains u. An element v € C'is said to be minimal if every w € C, for which
v —w € C,is of the form w = av for some o > 0. Suppose u is extremal; then
it is minimal. For, if w € C'and u — w € C, then u = w + (u — w). It is possible

w = 0 orw = u. Otherwise, u = o (£) + (1 — a) (“’w) for0 < a < 1. Since

11—«
u is extremal, then u = 2 or u = =2 which implies that w = au. We shall quote
now the famous Choquet Theorem [34].

Theorem 3.2.14. (Choquet) Let E be a real linear Hausdorff space that is locally
convex. Let C be a convex cone in E with compact base B. Let = be the set of
extremal points in B. Then,
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i. If B is metrisable, then every x € B is the barycentre of a unitary measure | with
support in Z. That is, there exists a measure p > 0 with ||,u|| =1 and u( ") =1
such that if | is any continuous linear functional, then l(z) = [ (s

ii. Ifthe cone C'is a lattice for the order it defines, then the measure 11 deﬁned above
is unique.

Let us use the theorem in the context of hyperbolic networks. H T is the convex
cone C, E = H* — H*, the base B = H; . Let /A; be the set of minimal points in
H{". Recall that every extremal pointis mlmmal HY isalattice and H;" is compact.
Consequently,

Theorem 3.2.15. Let X be a hyperbolic network. Then, there exists a unique
unitary measure y > 0 with support in Ay such that for any h € H," we have

h(z) = [ w(z)du(u),forz e X.

u€N
Corollary 3.2.16. Let v be any positive harmonic function on a hyperbolic net-
work X. Then, there exists a unique positive measure v with support in Ay such that

v(xz) = [ w(@)dv(u) foreveryz € X.
u€N;

Proof. Since %(% € Hi", by the above theorem there exists a unique positive

measure g with support in A; such that UEQC; = [ wu(z)dp(u). Write dv(u) =
u€EN

v(e)du(u). Then, v(z) = j/’l w(x)dv(u) forany v € X. 0

3.3 Hyperbolic Networks

The fact that the Dirichlet problem in a generalised form has a solution (Theorem
3.1.7) is of immense significance in an infinite network. For, some of the potential-
theoretically important results (useful in infinite electrical networks and random
walks) like Balayage, Poisson kernel, Domination principle, Condenser principle,
Green kernel on a subset, Capacitary functions, Dirichlet-Poisson solution etc. can
be obtained as solutions to appropriately-posed Dirichlet problems. In this section,
we assume that there exist positive potentials in the network X. Hence, by Theorem
3.2.6, for any vertex e in X, there exists a unique potential G () on X such that
AG.(x) = —d¢(x), forall z € X.

Theorem 3.3.1. A superharmonic function p on a hyperbolic network X is a

potential if and only if p(x) = > (=A)p(y)Gy(x), forall x € X.
yeX
Proof. Suppose p is a superharmonic function on X and the above equality holds.

Since each term (—A)p(y)Gy(x) is a potential in X, if > (—A)p(y)Gy(z) is
yeX
convergent for each x, then the sum is a potential.
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Conversely, let p be a potential on X. Let { E,, } be an exhaustion of X by finite

connected circled sets. Let p,(z) = Y. (—=A)p(y)Gy(x). Then, p, is a potential
IS
on X.Let s, (x) = p(z) —pn(x) on X. Then, forx € E,,, Ap,(x) = Ap(x) so that
Asp(x) =0o0n Ey;if v ¢ E,, Ap,(x) = 0 while Ap(x) < 0 so that As,,(z) <0
ifz € X\ E,. Consequently, As,, < 0on X. Thatis, s,, is superharmonic on X and
Pn + Sn = p > 0, so that —s,, < p, on X. Now, p,, is a potential on X majorizing
the subharmonic function —s,,. Hence —s,, < 0. Consequently, p = p,, + S > pn,
for any n. Allow n — oo, to conclude that g(z) = Y (—A)p(y)Gy(z) < p(z).
yeX

Since ¢(x) is the limit of an increasing sequence of potentials p,,, then ¢(z) is a

non-negative superharmonic function which is also majorized by the potential p(x).

Hence, g(x) is a potential. Let h(z) = p(x) — g(x). Then,
Ah(z) = Ap(x) — Aq(z) = Ap(x) — [(=A)p(z) x (-1)] =0,

so that A is harmonic on X . Consequently, p(z) = ¢(x) + h(x) implies, by the
uniqueness of decomposition of non-negative superharmonic functions, that » = 0.
Hence, p(z) = Y. (—A)p(y)Gy(z), forallz € X. O
yeX

The above representation of a positive potential on X is taken as the definition
of a potential in a tree T in Cartier [31, Sects. 2.2 and 2.3]. There, by starting with
the notion of the kernel associated to a collection of paths, the Green kernel G(z, y)
is defined. Then, for any function f > 0 on T, Gf(x) = > G(z,y)f(y) is either

Yy
always oo or always finite on 7" such that AGf = — f; in the latter case, G f(x) is
termed as the potential of f. A different approach to this development of potential
theory using the operators runs as follows (when we know that there are positive
potentials on X).
Introduce an operator A by defining, for a function f on a network X,

Af(z) = Z tij(c;)g)f(y),fora: € X. Then,

= t(z)(A - 1) ().
Hence, a function » on X is superharmonic if and only if u(z) > Au(x). Note also
that A is linear; if f > g, then Af > Ag; and if f,, — f, then Af,, — Af. Writing
AL f = A[A™ f] for n > 1, define the operator K by K f(z) = Y. A" f(z).

n=0
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Lemma 3.3.2. Let s be a positive superharmonic function on X. Then, the g.h.m.
hof s is given by h(x) = lim A"s(x).
n—oo

Proof. Since s is superharmonic, As < s. From this, we deduce that A™s <
An=ls < s,m > 2. Hence, h(x) = nlingo A"s(x) exists. Since A"s > A(A"s),
taking limits, we find that b > Ah; since A(A"~!s) > A"*ls again taking limits
we see that Ah > h. Hence, h is harmonic on X and h < s.

Suppose now u is any non-negative harmonic function such that u < s. Then,
u = Au < As. Proceeding similarly, for any n, we see that u < A™s. Taking limits,
when n — oo, we see that w < h. Thus, h = lim A"s is the g.h.m. of s. O

n—oo

Theorem 3.3.3. A function u on X is a potential if and only if u = K f for some
f=0.

Proof. Suppose u = K f = > A™f for some f > 0. Then, u > 0 and
n=0

Au=AKf=Kf—f=u—f <u,

so that u is a non-negative superharmonic function on X. Let i be the g.h.m. of u
on X.Then, 0 < h <wand h = Ah < Auw; continuing this argument, we arrive at
o0

h < A™u for any positive integer m. Since u(z) = > A" f(x) converges for every
n=0

vertex ¢ € X, we note that A™u(z) = Y. A" f(x) sothat lim A™u(z) = 0,

and hence h(z) = 0. This leads to the conclusion 2 = 0 and hence  is a potential
on X.

Conversely, suppose u is a potential on X. That is, the g.h.m. of u is 0. Now
by Lemma 3.3.2, we know that the g.h.m. of v is lim A™u(z). Hence, for every

n—oo

x € X, lim A"u(x) = 0. Consequently,
n—oo

K(u—Au) = 3> A"(u— Au)

n=0
=u— lim A"u
= u.
Thus, the given potential u = K f where f = u — Au > 0. 0

Corollary 3.3.4. Let s be a positive superharmonic function on X. Then, s is the
unique sum of a potential p and a non-negative harmonic function h on X.

Proof. Since s is superharmonic,v = s — As > 0 on X. Now, s = v + As implies
that As = Av + A2%s and hence, s = v + Av + A?s. Similar arguments give the
equality s = v+ Av+A%v+... 4 A"+ A" s > v+ Av+...+ A", Allow n — oo
toseethats > Kvon X.Leth = s—Kv > 0. Then,since K = [+ KA = [+ AK,
we find
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Ah=As —AKv=As — (Kv—v) = (As+v) —Kv=s—Kv=h,

so that h is a non-negative harmonic function on X. Note Kv = p is a potential
by the above theorem. Thus, we have the Riesz decomposition for the positive
superharmonic function s as s = p + h.

Suppose s is the sum of another potential (which should be of the form K f by the
above theorem) and a non-negative harmonic function H on X.Now, s = Kf+ H
implies that As = AKf+ AH = AKf+ H,sothats — As=Kf - AKf = f;
hence, v = s — As = f. Consequently, h = H. Thus, the decomposition of s as the
sum of a potential and a non-negative harmonic function is unique. O

Proposition 3.3.5. Let K f be a potential for some f > 0 on X. Let E =
{z: f(x) > 0}. Suppose s > 0 is a superharmonic function on X such that
s> Kfontheset E.Thens > K f on X.

Proof. Let p = inf {s, K f} on X. Since p is majorized by the potential K f, p
itself is a potential and hence p = K¢ for some g > 0. Note that Kg < K f on
X and Kg = K f on E. Hence, if z € F, then g(z) = Kg(z) — AKg(z) >
Kf(x) - AK () = f(2). 1y ¢ E, then f(y) = 0 < g(y). Hence f < g on X,
so that p = K¢g > K f also on X. Consequently, p = Kg = K f on X, and hence
s> KfonX. O

We shall give a variation of the above result in the following theorem, without
involving the operator K. In R3, the Maria-Frostman maximum principle [27,
p.118] states that if v is the potential v(z) = [ |z — y|” " du(y) where pp > 0 is

a Radon measure with support in a closed set A, then v(z) < supwv(y) for all
yeA

x € R3. Recall that in a network, hyperbolic or parabolic, if s is a superharmonic
function, then the set £ = {z : As(x) < 0} is called the harmonic support of s.

Theorem 3.3.6. (Domination Principle) Let p be a potential on X. Suppose s is
non-negative superharmonic on X such that s > p on the harmonic support of p.
Then, s > pon X.

Proof. Let ¢ = inf(s, p). Then, ¢ is a potential on X such that ¢ < p on X and
q = p on E, the harmonic support of p. Let ¢ = p — g on X. Then Ay > 0
on X\FE, ¢ > 0on X, and ¢ = 0 on E, so that Ap > 0 on X. Thus, ¢ is a
subharmonic function on X, majorized by the potential p on X, and consequently,
© = 0. This proves that p = ¢ = inf(s, p) on X, so that s > pon X. O

Corollary 3.3.7. Let G.(x) be the potential with point harmonic support e in X.
Then G.(x) < G(e) forall x € X. In fact, Go(x) = G.(e)R$(z) on X.

Proof. G¢(x) is a potential majorized by G.(e) on its harmonic support e.

Consequently, G(z) < Ge(e) for all z € X. Let now ¢(z) = G:—E;) Then, ¢(x)
and RS(x) are potentials with the same harmonic support e and ¢(e) = Rf(e) =

1,(see Theorem 3.1.10 and Corollary 3.1.9). Hence, by the Domination Principle,
q(x) = Ri(x). O
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Remark 3.3.1. 1. The form of the Green potential G(z) : Let w = [e, e1] be an
S-section determined by e. Suppose G.(e;) = G.(e). Then by the Maximum

Principle, since e; € cou, we conclude that G.(z) = G.(e) in w. Otherwise,
Ge(e1) < G.(e). Forx € w, let

_ Ge(e) — Ge(x)
AT,

Then h(z) > 0 is harmonic and bounded on w (Corollary 3.3.7). Then » = 0 or

h > 0 onw. If the latter is true, then h(e) = 0 and h(e;) = 1 so that w should
be a P-section, a contradiction. Hence h = 0, that is G.(x) = G.(e) for every
T Ew.

Thus, G.(x) is the constant G (e) in each of the S-sections determined by e.
This result accords with a result in the special case of a star-shaped tree, given in
Cartier [31, pp.259-260].

2. In Gowrisankaran and Singman [47, Theorem 4.3], the Domination Principle
(Theorem 3.3.6) is proved in the context of an infinite tree 7', assuming that the
Green kernel G(s, t) is such that 0 < G(s,t) < oo forall s,¢in T and the limit of
G(s,t) is 0 when |s| goes to infinity for some (equivalently for every) vertex ¢.
The latter condition is not satisfied in every tree 7', as shown in [47, Example
2.1]. An assumption sufficient for the latter condition to be satisfied is: There
exists a constant 4 such that 0 < § < % and for all s1, 52 € T with s1 ~ 53, we
should have 6 < t(s1,82) < % — 4.

3. Bocher’s Theorem: In R, n > 2, let B be the unit ball |x| < 1. Suppose w is
positive harmonic on B\ {0} . Then there exist a harmonic function v on B and
a constant b > 0 such that in B\ {0},

(@) u(z) = blog iy +v(z) if n = 2.

) u(z) =blzl> " 4+ v(z)ifn > 3.

A proof of Bocher’s theorem can be found in Axler et al. [13, pp.50-54]. This
property in the axiomatic case is stated [28, p. 40] as the axiom of proportionality:
If p and q are two positive potentials in a harmonic space with the same point
harmonic support, then p = \q for some positive constant \.

Thus, the Bocher’s theorem asserts that the logarithmic potential log |T1\ in i}2

and the potential |x|27” in R, n > 3, are unique (up to a multiplicative constant)
functions in the study of positive harmonic functions with point singularity. In
the context of a network X, the above Theorem 3.3.6 stating the Domination
Principle proves also an enlarged version of the analogue of Bocher’s Theorem:
Let p and q be two potentials on a hyperbolic network X, having the same
harmonic support A. If p=qon A, thenp = qon X.

Theorem 3.3.8. Let A be a proper subset of a hyperbolic network. Let f be a real-
valued function defined on A. Suppose there exists a potential p on X such that
|f| < pon A. Then, there exists a unique function h on X such that h = f on A,
Ah = 0 at every vertex in X\ A and |h| is majorized by a potential on X.
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Proof. In Theorem 3.1.7, take E = X\ A, F = V(E), u = p and v = —p. Then,
there exists a function h on V(FE) such that Ah(z) = 0ifx € E, h = f on
V(E)\E,and —p < h < pon V(E). Let us assume that h is extended by f outside
V(E). Thus, h is a function on X such that Ah(x) = 0ifz € X\A,h = fon A
and |h| < pon X. Note thatif 0 < f < pon A, then h > 0 on X.

To prove the uniqueness, suppose u is another function on X such that Au(x) =
Oifx € X\A,u = fon Aand |u| < ¢ where ¢is apotential on X.Letp = h — u
on X. Then, Ap(z) = 0 at every vertex in X\ A, ¢ = 0on A and |p| < p+ gon
X . That means that || is a subharmonic function on X, majorized by the potential
p+ qon X. Hence, p = 0. O

Corollary 3.3.9. Let f be a real-valued function defined on a finite subset F of a
hyperbolic network X. Then, there exists a unique function h on X dominated by a
potential such that h = f on F and Ah(xz) = 0 if x € X\F. The function f can
also be represented as f = p1 — p2 on F, where py,p2 are potentials in X with
harmonic support in F.

Proof. Let g(z) be a positive potential on X. Since f is a finite set, there is some
M > 0 such that |f| < M on f. Let p(z) = %{I(y)q(a}) on X. Then, p(z) is
yeF

a potential such that |f(x)| < p(z) if # € F. Then the first part of the corollary
follows from the above theorem.
Now, let p1(2) = ¥ [(—Ah(a)][*Ga(x) and pa(z) = 3 [(~Ah(a)]~Gala).
acF acF
Then, p; and po are potentials on X such that A(p; — p2) = Ah on X and p1, p2

have harmonic support in f. Hence, h = p; — p2 + u on X, where u is harmonic
on X. Since h is dominated by a potential on X, that is |h| < v, where v is a
potential on X, |u| < v + p; + p2 on X which implies that u = 0. Consequently,
J=p1—p2onX. 0

Remark 3.3.2. 1. Like sets of measure 0 in measure theory and nowhere dense sets
in topology, in the Euclidean space ", n > 2, a polar set is a negligible set in
the potential-theoretic sense. The above Corollary 3.3.9 is a discrete analogue of
a generalised version of a result in the study of capacities and polar sets in the
classical potential theory, namely: Let K be a compact non-polar set in 3. (A set
k in a domain w in ™, n > 2, is said to be a polar set if for a superharmonic
function s > Oonw, k C {z : s(x) = oo} . Brelot in 1941 introduced the notion
of polar sets to replace the sets of inner capacity 0, which were in vogue till
then.) Then there exists a (Newton) potential u > 0 on i3 such that u = 1 on K
except possibly on a polar set and Au = 0 on 3\ K. This very useful potential
is called the capacitary potential of K, see Brelot [27, pp.52-53] and Armitage
and Gardiner [10, Sect. 5.4].

In fact, inspired by the notion of capacity in electrostatics, De La Vallée
Poussin defined Cap(K), the capacity of a compact set K in *? as the upper
bound of the masses m distributed on K such that the associated potentials
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S|z — y|~" dm(y) are majorized by 1 on 3. In )2, we use the logarithmic
kernel — log |z — y| (instead of the Newton kernel |z — |~ " as in R3) to define
the logarithmic capacity of a compact set K. Then, for an arbitrary set 4 in R3
or 12, the inner capacity Cap.(A) of Ais defined as Cap.(A) = sup Cap(K),

where & is the family of all compact sets K contained in A. This is similar to
defining the inner measure of a set in measure theory. Soon the importance of sets
of inner capacity 0 was recognized in the classical potential theory. The notion
of inner capacity O is stronger than the notion of inner Lebesgue measure 0, in
the sense that a set of inner capacity 0 has its inner Lebesgue measure 0 but not
conversely. For example, the X -axis in R? is of measure 0 but its inner capacity
is not 0.

G.C. Evans in 1936 characterized a compact set K of capacity 0 in *® by the

existence of a non-negative measure x4 on K such that K = {SL’ e — y|71

du(y) = oo} . In this context, knowing that potentials are non-negative superhar-
monic functions, M.Brelot introduced the polar sets to replace the sets of inner
measure 0. Soon after, H.Cartan remarked that a set E is polar if and only if its
outer capacity is 0.

Such a notion of polar sets in the context of potential theory on infinite
networks or trees is irrelevant. For, if « is an extended real-valued function on
a network or a tree X, such that u(xz) > —oo for all z in X and Au(z) < 0 at
every vertex x in X (with the convention co — co = 0) and if u takes the value
oo at one vertex in X, then u = oo. This fact is not surprising since a network
has much in common with one-dimensional manifolds and on the real line R,
considered as a harmonic space, every point is non-polar [27, p.47].

2. Write (—A)h(a) = &(a) in the above corollary. Then Corollary 3.3.9 can be
stated as follows: Let F' be a finite subset in a hyperbolic network X. If f is a
real-valued function on F, then there exists a function () with finite support in

F such that f(x) = > &(y)Gy(x) for x € F.
yeX

In a finite network X with symmetric conductance, when a proper subset F
is given, Bendito et al. 27, [18] construct a unique function vF > 0 on X such
that Avf'(z) = —1ifand {z : v¥'(2) # 0} = F, by solving linear programming
problems. By calculating v* for appropriate subsets F', they obtain the Maximum
Principle, the Dirichlet solution, the Condenser Principle etc. in a finite network
with symmetric conductance. The theorem below introduces a function analogous
to " in the context of an infinite network (which according to our definition need
not have symmetric conductance).

Theorem 3.3.10. Let F' be a finite set of vertices in an infinite network X
(hyperbolic or parabolic). Let f be a function defined on F. Then there exists a
unique function w on X such that Au(z) = —f(x) if ¢ € F, and u(y) = 0 if
y € X\F. Further,u>0if f > 0,andif f > 0on F, thenu > 0 on F.
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Proof. Take E = V(F) = |J V(z), which is the smallest set containing " and
zeF
all the neighbours of the vertices in F'. Remark that /' C % . For every a € I, by
using the Dirichlet solution, construct a non-negative function g,(x) on E such
that g,(z) = 0 on E\F and Ag,(z) = —d.(z) if x € F; extend g,(x) by
giving the value 0 on X\ E (Theorem 2.4.15). Associated to the given function
f on the finite set F, define two non-negative functions u* and u~ on X such
that u(z) = Y ff(a)ga(z) if 2 € Fand u(y) = 0if y € X\F; and
€F

u (z) = > f(a)g(z)ifx € Fandu™ (y) =0ify € X\F. Ifu =u" —u~
acF
on X, then Au(x) = —f(x) ifx € Fand u(y) = 0if y € X\F. Also, if f > 0,

then v = u™ > 0. Finally, suppose f > 0 on F and u(a) = 0 for some a € F.

Then,
—f(a) = Au(a) = 3 t(a, z)[u(z) — u(a)]

r~a

= 2 t(a, x)u(z) 20,
a contradiction. Consequently, if f > 0 on F', then u > 0 on F'.
If v is a function on X such that Av(z) = Oforz € F,andv(y) = 0ify € X\F,
then by the Maximum Principle v = 0. This proves that the solution u is uniquely
determined by the given conditions. ]

Theorem 3.3.11. (Dirichlet-Poisson solution) Let E be a finite set in a hyperbolic
network. Let f and g be two functions defined on X. Then, there exists a unique
Sunction v on X such that Av = gon E andv = f on X\E.

Proof. Let F = V(E) = |J V(x). Since E and F are finite sets, by Theorem
zeE

3.1.7, there exists a unique function h on F' such that Ah(z) = 0ifx € E and h =
f on F\E. Assume that / is defined on X, by giving values of f outside F. Now,
by Theorem 3.3.10, there exists a unique function u on X such that Au(x) = g(x)
ifre Fandu(y) =0ify € X\E. Write v = u+ h on X. Then, Av = gon E
and v = f on X'\ E. The uniqueness of the function v follows from the Maximum
Principle. O

Remark 3.3.3. The above results do not prove that given an arbitrary function f on
an infinite network X, there exists a function u on X such that Au = f on X.
However from [2 Theorem 6] we can see that if X is a hyperbolic network with the

Green function G(z,y) satisfying the condition Y G(a,a) is finite and if f is a
acX
bounded function, then

u(@) ==Y fWGy(@) =Y [~ W)Gy(2) = Y [T (y)Gy(x)

yeX yeX yeX

is a §-superharmonic function (that is, a difference of two superharmonic functions)
such that Au = f on X.
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Also from the results in Sect. 5.1, Chap. 5, we can deduce that if X is an infinite
tree without terminal vertices (whether X is hyperbolic or parabolic), then given an
arbitrary real-valued function f on X, we can determine a §-superharmonic function
u (that s, u is a difference of two superharmonic functions) such that Au = f on X.

The following result shows that a positive superharmonic function on a hyper-
bolic network can be represented by two positive measures. This is an extension of
the integral representation of positive harmonic functions given in Corollary 3.2.16,
known as the Riesz-Martin representation of positive superharmonic functions. In
the case of axiomatic potential theory, it is given in Brelot [28, pp.83—84].

Theorem 3.3.12. Let s be a positive superharmonic function defined on a hyper-

bolic network X. Then, there exist two uniquely determined positive measures i in

X and v with support in Ay such that s(z) = [ Gy(x)du(y) + [ w(z)dv(u),
yeX u€ AN

forevery xin X.

Proof. We have already remarked that we can write s = p + h as the unique sum
of a potential and a non-negative harmonic function on X. Write u(y) = —Ap(y).
Then, ;4 > 0 can be considered as a positive measure on X such that (Theorem

33.1) px) = Y Gylo)uly) = [ Gy(x)du(y). As for the non-negative
yeX yeX

harmonic function & on X, we have an integral representation (Corollary 3.2.16)

h(z) = [ w(z)dv(u) for any x in X. This gives the unique representation of
u€eN
the superharmonic function s > 0 by means of two uniquely determined positive

measures y and v. d

3.4 Parabolic Networks

An infinite network X is referred to as a parabolic network if and only if there is
no positive potential on X (Definition 3.1.2). Thus, an infinite network is parabolic
if and only if any lower bounded function s on X is a constant if As < 0.

Example of a parabolic network: Let X = {z1, 29,21, T2, 23, ...} together with
an infinite set of terminal vertices {ya1, Y22, Y31, Y32, --- }, Where y;1, y;2 have x; as
their unique neighbour for ¢ > 2. Also x; ~ x;41 for ¢ > 1. 21, 29 have x1, x5
as their neighbours. Since {1, 21, T2, 22, ¥1 } is a closed path, X is not a tree. For
i > 3, if z is one of the four neighbours of x;, let t(z;, z) = }I; and for any ¢ > 2,
t(yi1, ;) = t(yi2, ;) = 1. For any other pair of neighbours a and b, take t(a, b) =
t(b,a) = 2. Then, the constants are harmonic on X . Let u be a function defined on
X such that u(z1) = u(z1) = u(ze) = land if i > 2, then u(y;1) = u(y2) =
u(x;) = 4. Note that Au(zq) = Au(z1) = Au(z) = 2, Au(zs) = —4, and
at all other vertices ¢ € X, Au(a) = 0. Hence, u is neither subharmonic nor
superharmonic on the whole of X. We show now that every positive superharmonic
function on X is a constant.
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For i > 2, write P; = {x;,yi1,yi2} . Suppose s > 0 is superharmonic on X.
Take an arbitrary vertex z in X. Suppose z € FP,,m > 3. Let K =

{21, 21,22, 22,921, Y22} and o = in}f{s(:c). Write £, = [ BP.J\K,n > 3.
re n>3

OF, = {x3,7,}. Let v,(x) = a”;i(;),n > m. Then v, (z) is harmonic on

FE, and v, < s on JF,, so that by the minimum principle (Corollary 1.4.3),
v, < s on E,. In particular, s(z) > v,(z) = a%. Allow n — oo to see
that s(z) > «. Since z is an arbitrary vertex in P,,,,mm > 3, we conclude that
s(x) > a for all z in X. However, since s attains its minimum value « on K, by
the minimum principle (Proposition 1.4.1), s is the constant «.. Since every positive
superharmonic function on X is constant, there can be no positive potential on X,
that is X is parabolic.

The above example suggests a sufficient condition for an infinite network to be
parabolic. Let us say that for a real-valued function f defined on an infinite network

X, lim f(x) = oo, if for any finite number k there exists a finite set A of X such
Tr—00

that f(z) > k when z € X\ A.

A sufficient condition for an infinite network to be parabolic: Let u > 0
be a superharmonic function defined outside a finite set A in X, such that
zh_{rgo u(x) = oco. Then X is parabolic. For, if m is a large positive integer, let F,,

0
denote a finite set such that u(z) > mif 2 ¢ F,, D A. Assume without loss

0
of generality F,,, C E, if n > m. Suppose s > 0 is a superharmonic function
on X.Let« = inf s(x). Then, for some a € E,,, s(a) = a. Let z ¢ E,,.

r€E,,

Then, for large n, assume z € E,, and define v, (z) = oz”nl(x)

—m

for n > m. Then,

o

vy, is subharmonic at every vertex on E,\F,,. Note on OFE,, u(z) > n so that
vp(x) < 0 < s(x); and on OF,,, u(z) > m so that v, (z) < o < s(x). Hence, by
the minimum principle on E,,\ E,,,, we conclude that s(z) > v, (z) on E,\E,,. In
particular, s(z) > v, (2) = a%ﬁ. Allow n — oo to see that s(z) > «. Since z is
arbitrary in X\ F,,,, we conclude that s > « on X. But s attains its minimum on X
since s(a) = a. Hence s is a constant. Thus, every positive superhamonic function
on X is a constant. Hence there cannot be any positive potential on X, that is X is
parabolic.

In a parabolic network, it is not possible to define the Green function which
is a positive potential. In the classical case in R",n > 3, the Newtonian kernel
|z — y\ni? is proportional to the Green kernel; but in )2, the Green kernel cannot
be defined (as a consequence of the Liouville theorem). However, the logarithmic
kernel log w—iy in }2 has many properties similar to the Green kernel in R, n >
3, with the notable exception that the logarithmic kernel is not lower bounded
in ®2. (The terms logarithmic kernel and logarithmic potentials are in vogue
since Neumann. If for a Radon measure ¢ > 0, u(z) = [ log w—iyldu(y)) is

R2

superharmonic on R, then u is known as a logarithmic potential with associated
measure 4.) Associated with the Green kernel in a hyperbolic network is the study
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of positive potentials which was carried out in the earlier sections. Now, in a
parabolic network we shall study pseudo-potentials which correspond to certain
superharmonic functions generated by the logarithmic kernel in 2. Note that in
the study of random walks, a parabolic network is referred to as recurrent and the
random walk is referred to as transient [68] if the Green function can be defined.
In fact, a random walk is said to be recurrent if the walker is certain to return to
the starting point. When a positive probability exists that the walker never returns to
the initial position, the random walk is referred to as transient. The famous theorem
of Polya asserts that a simple random walk (a simple random walk on a graph is
one in which from any vertex of the graph, there is equal probability of moving
to a neighbouring vertex) on a d-dimensional lattice is recurrent for d = 1,2 and
transient if d > 3. We assume in this section that X is a parabolic network.

There is little difference in the study of superharmonic functions on a finite
subset A of an infinite network, whether the network is hyperbolic or parabolic. For,
by using the solution to the Dirichlet problem, we can see that there are positive
potentials on any finite set A with non-empty interior even if X is parabolic. So, in
this section, we mainly deal with infinite subsets A of a parabolic network X. To
start with, here is a version of the minimum principle special to parabolic networks
even when A is not finite.

Theorem 3.4.1. Let A be an arbitrary proper subset of a parabolic network X . Let
u be a lower bounded superharmonic function on A such that u > « on 0A. Then,
u > aon A

Proof. Let v = inf(u,«). Then, v is superharmonic on A and v = « on 0A.

0
Suppose for some z € A, v(z) = f < . Now, v extended onto X by taking v = «
on X\ A is superharmonic on X and lower bounded too. Hence v is a constant on
X since X is parabolic, v = «, a contradiction since v(z) < a. O

Remark 3.4.1. 1. The validity of the above Minimum Principle for an infinite
subset A is a characteristic property of parabolic networks. For, if X is a
hyperbolic network, then a potential p > 0 on X is a superharmonic function
on X such that ir)1(f p(z) = 0. Hence, if A is the complement of a finite set, then
irj‘fp(a:) = 0 while ianjp(x) > 0.

2. In Theorem 3.1.7, we have stated the main result on the Dirichlet solution in
any arbitrary set F' in an infinite network, where the uniqueness of the Dirichlet
solution can be asserted if the set F' is finite. But if X is parabolic, we can use

the above theorem to assert the uniqueness of the Dirichlet solution in any F/,
when the boundary function is bounded: Let F' be an arbitrary proper subset in

0
a parabolic network and E C F'. Let f be a bounded function on F\E. Then,
there exists a unique bounded function h on F such that h = f on F\E and
Ah(z) =0ifx € E.

In Definition 3.2.1, we defined P-sections and S-sections in an infinite network.
When X is a parabolic network, if e is a fixed vertex, then every infinite section
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E; = [e, e;] defined by e is an S-section (Theorem 3.2.4). In particular, there exists
an unbounded harmonic function h; > 0 on E; such that h;(e) = 0, h;(z) > 0 and
Ahi(z) = 0if x # e. Choose such a function /; in each S-section determined by e.
Define a function H, on X such that H, = h; in each S-section E; = [e, ;] and
H. = 0 otherwise. Then, H. > 0 is an unbounded function on X with the following
properties: AH, (x) = cd.(z) for x in X and some ¢ > 0 (replacing H, by ¢! H.,
we can suppose AH,(x) = d.(x)), and H, > 0 outside a finite set A in X. Note
that A includes e and all the finite sections determined by e. Clearly, there are many
such functions on X. In the sequel, we shall fix a vertex e in X and such a function
H,. in X. We keep in mind that H, has many of the important properties of log |z|
in the complex plane. A function similar to H, has been constructed and used in [5]
to define the notion of flux in the context of an axiomatic potential theory without
positive potentials.

In a tree T, there are no closed paths and for any pair of vertices u and v, there
exists only one (geodesic) path [u, v]. Using these facts, for a fixed vertex e in a
recurrent tree T' (that is, there are no positive potentials on 7") Bajunaid et al. [15,
Sect. 4] have constructed a non-negative function H on T such that H(e) = 0 and
AH(z) = 0.(z) for any non-terminal vertex = in 7', with the property that any
function A in T which is harmonic outside a finite set is of the form h = aH +u+b,
where Au(z) = 0 at every non-terminal vertex x in T, « is a uniquely determined
constant and b is a bounded function on 7'. This construction (which requires some
corrections) relies on the fact that there are no closed paths in 7'. Note that this
function H(z) on T (leaving out the Laplacian on terminal vertices in T") has some
of the important (from potential-theoretic view point) properties of log || in :2.

Lemma 3.4.2. Let h be a harmonic function defined outside a finite set in X. Let
e € X. Then, there exists a function u on X such that Au(z) = 0 if x # e and
(u — h) is bounded outside a finite set in X.

Proof. For a vertex x in X, let |z| denote the distance between e and « (which is the
length of the shortest path connecting e and x). Let m be sufficiently large such that

h is defined on B , where B, = {z: |x| <m}. Let f be the bounded Dirichlet

solution outside B w1th boundary values h on 0B,,. Then, ¢ = h — f is harmonic

on B,, with boundary values 0.
Let p > 0 be a superharmonic function on B,,, with harmonic point singularity
e and p = 0 on 0B, (see Theorem 2.2. 12) By the M1n1mum Principle, p > 0

onB .Foralarge o > 0, let v; = <p0nB andvl—aponB .On 0B,,,

ty)vi(y) =0 < >ty vi)vi (),

Yi~y

o
since y € 0B,, has only one neighbour in B,, where v; can be made to take an
arbitrarily large value since « is large and arbitrary. Then, v; is subharmonic on



74 3 Harmonic Function Theory on Infinite Networks

oC

X\ {e}, harmonic outside JB,,. Similarly, if v = ¢ on B,, and v2 = —ap on
B, then vy is superharmonic on X'\ {e} and harmonic outside 9 B,,,. Choose now

£ > 0large, so that ap < —ap + [ on B,.
Then on X\ {e}, v1 < vy + (3. Hence we can determine a harmonic function
won X\ {e} such that v; < u < vy + B on X\ {e} . Clearly, (u — h) is bounded

outside B,,. O

Remark 3.4.2. The above Lemma 3.4.2 is not of much use in hyperbolic networks.
For, if h is a harmonic function defined outside a finite set, then h = p; — ps + H
outside a finite set, where p1,po are potentials with finite harmonic support and
hence bounded in X and H is harmonic on X (Corollary 3.2.7). Hence, given a
harmonic function % outside a finite set in a hyperbolic network, there always exists
a harmonic function H on X such that (H — h) is bounded outside a finite set in X .

Definition 3.4.1. A superharmonic function s on an infinite network X is said to
be admissible if and only if it has a harmonic minorant outside a finite set.

If s is admissible in a hyperbolic network X, then from what we have just
remarked s would have a harmonic minorant on X so that s is a potential up to
an additive harmonic function on X . We shall obtain a similar result in the case of a
parabolic network, after introducing the notion of pseudo-potentials. The notion of
admissible superharmonic functions plays a more crucial role in parabolic networks.
So, we continue with our assumption in this section that X is parabolic.

First, remark that if s is an admissible superharmonic function on X and a is an
arbitrary vertex in X, then by Lemma 3.4.2, there exists a function « on X such that
Au(z) = 0if x # a, and s > u on X. Consequently, we can extend the class of
boundary functions which have a Dirichlet solution.

Theorem 3.4.3. Let s be an admissible superharmonic function on a parabolic
network X. Let A be any proper subset of X. Let h = s on A and on the interior
of A, let h be the greatest harmonic minorant of s on A. Then h is a solution of the
Dirichlet problem on A with boundary values s on O A. If in addition s is bounded on
O0A (even if s is not superharmonic on X ), then there is a unique bounded solution
to the above Dirichlet problem.

Proof. Let a ¢ A. Then, there exists u on X such that Au(z) = 0if © # a, and
(s — u) is lower bounded on X . Hence, s has a harmonic minorant on A. Let g be

the g.h.m. of s on A. Define p(z) = s(x) on JA, and p(z) = g(z) on 21. Then,
o is subharmonic on A, ¢ < son A, and ¢ = s on JA. Hence, by Theorem 3.1.7,
there exists a harmonic function h on A such that ¢ < h < son A, sothat h = s
on OA. Note that h coincides with the g.h.m. g of s on A.

Finally, the assertion about the unique bounded solution when s is bounded on
0A is a consequence of the more general result proved in Corollary 3.1.9 which
states that if f is any bounded function on A, then there exists a unique bounded
harmonic function h on A such that h = f on JA. ad
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In Theorem 3.1.10, we discussed the balayage for a non-negative superharmonic
function on an infinite network. Since the constants are the only non-negative
superharmonic functions on a parabolic network X, this theorem is interesting only
in the hyperbolic case. The following theorem is about the balayage of admissible
superharmonic functions on a parabolic network. We say that two admissible
superharmonic functions are equivalent superharmonic functions if the difference
between their greatest harmonic minorants outside a finite set is bounded. Note that
if p is a positive potential in a hyperbolic network, then the g.h.m. of p outside a
finite set A is bounded. For, let h be the g.h.m. of p outside A. Then, the function
q equal to p on A and h outside A is a positive superharmonic function on X,
majorized by the potential p so that ¢ is a potential on X and it has finite harmonic
support A. Since any potential with finite harmonic support is bounded (Domination
Principle), ¢ and hence & is bounded. Consequently, if p is a potential and F is an
arbitrary set in a hyperbolic network, then p and its balayage Rf are potentials
which are equivalent in the above sense.

Theorem 3.4.4. Let s be an admissible superharmonic function on a parabolic
network X. Let E be any proper subset of X. Then, there exists an admissible
superharmonic function Bf on X such that (i) Bf < son X, (ii) Bf = son

0
X\ E, (iii) BE is harmonic on E, and (iv) s and BE are equivalent.

Proof. Fix a vertex a ¢ E and let h be the greatest minorant of s such that
Ah(z) = 0if x # a. Let u be the (maximal) Dirichlet solution on £ with boundary
values s on OF (Theorem 3.4.3). Let v be the function v on E extended by s on

X\E. Then, v is superharmonic on X, v is harmonic on E, v = s on X\LOC, and
v < son X ; since u is the g.h.m. of s on F by construction, v > h on E so that
v > hon X\ {a}. Hence, v is an admissible superharmonic function on X. Let
h* be the g.h.m. of v in X'\ {a}, so that h* > h. But v < s, so that h* < h. We
conclude that v and s have the same g.h.m. in X\ {a}, so v and s are equivalent in
X . Hence the theorem is proved if we set v = BE. O

Theorem 3.4.5. For any z in a parabolic network X, there exists a unique
admissible superharmonic function q.(x) with the following properties:
i. ¢:(z) <O0onX,
ii. Ag.(x)=—0,(z)forallzinX,
iii. q.(z)=0,and
iv. fora constant o > 0, q,(x) + aH.(x) is bounded on X.
The constant v is uniquely determined when the vertex z is fixed. We write o = (2).

Proof. Take q.(x) = —H.(x). As for any other arbitrary vertex z, let A be a finite

0
circled set such that e and z are in A . Let h be the bounded harmonic function on
X\ A (Theorem 3.4.3) with values H. on 0A, sothath— H, < 0 on X\ A. Let & be
the family of all superharmonic functions on X such that s(z) > Oand s > h — H,
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on X \ A. Clearly, the superharmonic function s = 0 is in . Let u(z) = inf s(x)

sEY

forx € X.
For any y # z, and any s € S, if we define s;(x) = s(z) if x # y, and
<

si(y) = X2 _t(tyJ(;iji)S(yi)a then s

Consequently, & is a Perron family so that u(x) is harmonic at all  # z and u(z) >
h(z) — He(x) on X\ A. Let v(z) = h(xz) — He(z) on X\ A, extended by 0 on A.
Then, v € 3. Hence u(x) < h(x) — He(x) on X\ A, and u(z) < 0 on A. Also,
since y ~ z implies that y € A, we have ) %u(y) < 0 = u(z), so that u(x)
is superharmonic at x = z. Note that u being upper-bounded and non-constant on

X, u(z) cannot be harmonic at z = z. Hence Au(z) < 0. Write ¢, (z) = — Aulig(ﬂz)

Then, Aq.(z) = —d.(z) for all z in X, ¢.(z) = 0 and [qz(m) - ZZ((ZH is a

bounded harmonic function on X\ A and hence bounded on X. That is, ¢.(z) has
all the properties stated in the theorem.

To prove the uniqueness of ¢.(z), suppose @) is another function on X such
that AQ(z) = —6.(x), Q(z) = 0 and (Q + SH,.) is bounded on X. Then, let
l(z) = g,(x) — Q(z). Since Al = 0, then I(x) is harmonic on X. Moreover,
l(x) = (6—«a)H.(z)+ f(zx), where f(z) is bounded on X and harmonic outside a
finite set. Suppose v # (3. Then, since H, is non-negative, [(x) should be bounded
on one side on X . This means that [(x) is a constant, since X is parabolic and I(x)
is harmonic and bounded on one side. Consequently, (5 — «) H, should be bounded
on X . But, this is not possible since H, is unbounded and 3 — « # 0. We conclude
therefore that &« = 3, in which case I(z) is a constant and that constant should be 0,
since [(z) = 0. O

s, s1(x) is harmonic at x = y and 51 € S.

Proposition 3.4.6. Let s be a superharmonic function defined outside a finite set in
a parabolic network X. Then, there exist two superharmonic functions QQ and Q). on
X such that s = Q — Q.. outside a finite set and Q). has finite harmonic support in
X. In the particular case of s being harmonic, QQ also has finite harmonic support
inX.

Proof. Choose a finite circled set A such that s is defined on JA. Let h be the
harmonic function on A with boundary values s on 9A. Letp = son X\ A, andp =

hon A. Then Ap = 0 on 21 and Ap < 0 on X\ A. Itis possible that Ap > 0 at some
vertices on 0A. Let them be y1, ¥, ..., y;. Consider Q(z) = p(z)+ Ap(y1)qy, (x)+
<. + Ap(yi)qy, (), where g (x) is the unique superharmonic function with point
harmonic support as defined in the above Theorem 3.4.5. Then, AQ(y;) = 0 for
1 < j < i, so that ) is superharmonic on X . (Note that AQ = 0 on X\ A, if the

7
given function s is harmonic.) Moreover, if we write Q.(x) = >~ Ap(y;)qy, (x),
j=1
then . is a superharmonic function with finite harmonic support in X such that

s(x) = p(x) = Q(z) — Qc(x) if z € X\ A. O
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Proposition 3.4.7. Let h be a harmonic function defined outside a finite set in a
parabolic network X. Then h = u + aH, + b outside a finite set, where v is a
uniquely determined harmonic function on X such that u(e) = 0, « is a uniquely
determined constant and b is a bounded harmonic function outside a finite set in X.

Proof. Let @ be a superharmonic function on X having harmonic support only at
m

a finite set of vertices 21, 22, ..., Zp,. Define u®(z) = Q(z) + Y [AQ(2))]q-, (v)
j=1

on X. Then Au®(x) = 0 for all z in X, that is u® is harmonic on X. Now,
by construction, for each j there exists a constant a; such that (q., + o;H,)

m

is bounded harmonic outside a finite set. Write a® = Y [AQ(z;)]a;. Then,
j=1
u®(x) + a*H.(z) = Q(x)+ (a bounded harmonic function) outside a finite set.
Hence, Q(z) = u®(z)+a® He(x)+b*(x) outside a finite set where b® (2) is bounded
harmonic outside a finite set. Using Proposition 3.4.6 and a similar representation
for Q., we can now write h(x) = uy(z)+aH,.(x)+b1 () outside a finite set, where
w1 18 harmonic on X and b; is bounded harmonic. Write u(x) = u;(x) — u1(e) and
b= by +uy(e). Then, h(z) = u(z) + aH, + b outside a finite set.
To show that v and « are uniquely determined, suppose

hx) = v(z) + BHe(x) + ba(2)
is another such representation outside a finite set. Then,

(o= B)He(x) = [v(z) — u(@)] + [b2(z) — b(2)]

outside a finite set. If « — § # 0, then we arrive at a contradiction as shown in the
proof of Theorem 3.4.5. Then, v —u = b — by outside a finite set and hence bounded
on X. Since v — u is bounded and harmonic on X, it must be a constant c¢. Then,
¢ =v(e) —u(e) =0, so that v = v on X and consequently b = b, also. O

Let B, = {x:|z| =d(z,e) <k}. Let Dy f denote the Dirichlet solution on
E}, with boundary values f on OFj. Suppose f is a function defined outside a
finite set. Then for any « € X, {Dy, f(x)} is well defined for large k. If f(x) is a
bounded function on X, then { Dy, f ()} is bounded for any x; if h(x) is a harmonic

function on X, then h(x) = Dih(xz) when © € FEy; if s(x) is a non-harmonic
superharmonic function on X, then for any z, klim Dys(x) = —oo; and for any z,
—00

klim Dy H.(x) = oc.

Corollary 3.4.8. Let h be a harmonic function defined outside a finite set in X.
Then, there exists a harmonic function u on X such that (h — ) is bounded outside
a finite set if and only if the sequence { Dih(x)} for large k is bounded at some, and
hence every vertex x in X.
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Proof. By Proposition 3.4.7, h = u+ aH, + b outside a finite set. Since Dy u(z) =
u(z) for all large & , klim Dy H, = oo, and the sequence {Dyb(x)} for large k, is
bounded for any = € X, we find that { Dy h(z)} is bounded for some z if and only
if @ = 0; that is, if and only if (h — u) is bounded outside a finite set. O

3.5 Flux at Infinity

Let §2 be an open set in the Euclidean space R3. Let w be a bounded domain with

smooth boundary dw such that w C (2. Let v bea continuously differentiable
function on (2. Then the Green’s formula can be presented [13, p.4] in the form

/div?daz/?.ﬁds,

w ow

where 7 is the outer normal. Suppose f and g are C-functions on 2.
Take v = fVg. Then

1529+ (grad 1. grad gldo = [ 3% as.

w Ow

where 6‘1—& denotes the outer normal derivative of g. In particular, [ Agdo =

w
s and the right side integral is known as the outer flux corresponding to
24-ds and the right side integral is k th ponding t
ow
g and w. The notion of flux is important in the study of many physical problems
(gravitation, electricity). Suppose x is a mass distribution on a compact set K C w.

Then the (Newton) potential in R? due to p is g(z) = [ |z — y| " du(y) and

K
Ag(z) = —4mndu(x) in the sense of distributions. Consequently, if g is a C2-
function, then the inner flux [ gf’:ds = 47 (total mass).

Ow

Suppose now that A is a harmonic function defined outside a compact set in

R",n > 2. Then, [ 3‘1—’1ds is independent of R for large values of R. This
|s|=R

constant is known as the flux at infinity of the harmonic function h, denoted by

fluzooh. If b is bounded harmonic outside a finite set, then lim b(z) exists. In

|z|— o0
N2, flursb = 0; however in R", n > 3, fluws.b may not be 0 as in the case of
b(z) = |z[*~™ . This indicates a possibility of using the notion of flux at infinity to
distinguish between hyperbolic and parabolic networks.
Let u be a superharmonic function defined on |z| > R. Let R < r; < r.
Let h(z) be the Dirichlet solution on 7y < || < r with boundary values u.
Then lim [ %(s)ds exists and is known as (up to a multiplicative constant

T1—T ‘Sl:’!‘l
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depending on the dimension of the space) the inner flux f; of won |z| = r. A similar
procedure with respect to r < 7 defines the outer flux f. of u on || = r. Now both
fi and f. have a common limit & when r — oco. This common value « is known as
the flux at infinity of the superharmonic function u defined outside a compact set.
In arelated development, Brelot [27, p.194] shows that if h is a harmonic function
defined outside a compact set in the Euclidean plane, then it has a representation

h(z) =C+alogp+ > an(®)p" + Y a,(0)p™"
n=1

n=1

outside a compact set where z = (p, ) in polar coordinates, C'is a constant, « is
the fluzsoh, and a,(6), a,,(A) are of the form A, cos né + i, sin né. To obtain an
analogue of this very useful representation of a harmonic function defined outside a
compact set in an axiomatic potential theory without positive potentials on a locally
compact space X, one starts with the construction [5, pp.112—114] of an unbounded
non-negative harmonic function H outside a compact set in X . This function H has
many of the basic properties of log |z| outside the unit disc in the plane. Then,
it is proved that any harmonic function i outside a compact set in X is of the
form h(z) = aH(z) + u(z) + b(x) where « is a uniquely determined constant,
w 1s harmonic on X and b is bounded harmonic outside a compact set in X. This
uniquely determined constant « is defined to be the flux at infinity of h, thus avoiding
the explicit use of normal derivatives in the definition of flux. The same procedure
as in the locally compact case can be adopted to define the flux at infinity of a
harmonic function defined outside a finite set in a parabolic network [9, pp.13—15].
A similar method has been used in Cohen et al. [37] to study the flux at infinity of a
superharmonic function defined outside a finite set in a Cartier tree.

Recall that in Proposition 3.4.7, for a harmonic function h defined outside a finite
set in a parabolic network X, we have obtained a representation of the form h = u+
aH,. + b, where u is harmonic on X, b is bounded harmonic outside a finite set and
« is a uniquely determined constant. Let & be a harmonic function defined outside a
finite set on a parabolic network X . Define the fluz of h at infinity = flur.ch = «.
Then:

1. If h is any harmonic function defined outside a finite set, then fluz.oh = 0 if
and only if there exists a harmonic function v on X such that |u — h| is bounded
outside a finite set.

2. If b is a bounded harmonic function defined outside a finite set, then fluxr..b =
0.

3. If hy and ho are two harmonic functions defined outside a finite set, then
fluzso(a1hy + ashs) = oy flurshy + agfluxsohs, for any real numbers
aqand as.

Recall (Theorem 3.4.5) that for any z in X, there exists a unique admissible
superharmonic function ¢, (x) < 0 on X and a unique positive number ¢(z) such
that Ag,(z) = —0,(z) forall z in X, ¢.(z) = 0 and [¢, + ¢(z)H,] is bounded on
X. Note that fluxeoHe =1, flureoq. = —p(z), and ¢(e) = 1.
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Let A be a finite set such that Ah = 0 at every vertex outside A. Extend h as a
function v on X. Let u(z) = v(z) + > Av(y)gy(z). Then, Au(zx) = 0 for every
yeA

x in X, that is w is harmonic on X. Moreover, outside a finite set,

v(@) =u(@) = Y Av(y)lgy (@) + o) He(@)] + | Y o(y)Av(y) | He(w),

yEA yeA

which can be written as
v(x) = u(z) + b(x) + aH(x),

where [ o(y)Av(y)] = a, and b(z) = — > Av(y)[gy(z) + @(y)He ()] is
yeA yeA

bounded harmonic outside a finite set, since [g, (z) + ¢(y)H. ()] is bounded on X
and A contains only a finite number of vertices. Hence,

fluzsch = > o(y)Av(y)

yeA

This provides an alternate way of defining flux.,h, without recourse to the
decomposition of h given in Proposition 3.4.7. If f is a real-valued function on
X, equal to a harmonic function h outside a finite set in X, then take fluz.f =
fluzsoh. In particular, if s is a superharmonic function with finite harmonic support,
then we can write fluzoos = [ >, ¢(y)As(y)].
yeX

In the Euclidean space %2, it can be proved that if s is a superharmonic function
on |z| > R, then fluzs is finite if and only if s has a harmonic minorant and if h
is the greatest harmonic minorant of s on |x| > R, then fluzss = flursoh. As a
discrete analogue of this result, we propose the following definition.

Definition 3.5.1. Let v be a superharmonic function defined on an infinite net-
work X. If v is not admissible, define the flux at infinity of v as —oo; if v is
admissible and if & is the g.h.m. of w in X'\ {e}, then define fluz.cv = fluxch.
If w is a subharmonic function on X, define fluzoou = — fluxo(—u).

Consequently,

1. If s and v are two superharmonic functions on X such that s and v are
equivalent, (that is the difference of the g.h.m. of s and v outside a finite set
on X is bounded, see Theorem 3.4.4), then fluzoos = fluzoov.

2. If v; and vy are two superharmonic functions on X and if a;, a are two non-
negative constants, then fluz. (@101 + agve) = a1 fluzsovy + o flureovs.
For, let hq and ho be the g.h.m. of v; and v, respectively in X'\ {e} . Let h be the
g.h.m. of ayv1 + agve in X\ {e} . Since the subharmonic function b — agve <
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ayv; on X\ {e}, and since a1 hy is the g.h.m. of aiyv; on X\ {e}, we find that
h — agva < arhy on X\ {e}. Since h — ahy < agvy on X\ {e}, we find as
before h — aphy < azhg on X\ {e} so that h < ajhy + ashg on X\ {e} . But
h is the g.h.m. of a1 v1 + vz on X\ {e}; this implies that h = ayhy + azhs.
Further, fluz.oh = a1 fluzechi + asfluzschs.

3. If v is a non-harmonic superharmonic function defined on X, then fluz.cv <
0. For, let h be any harmonic function outside a finite set such that h < v. Write
h =u+ aH. + b as before. Suppose o > 0. Then, the superharmonic function
(v — u) is lower bounded outside a finite set. X being parabolic, this implies
that (v — w) is a constant, that is v is harmonic on X, a contradiction.

4. If v is a superharmonic function on X, then flux.v = 0 if and only if v is
harmonic.

Theorem 3.5.1. Let v be a superharmonic function on a parabolic network X. Let
() be as defined in Theorem 3.4.5. Then fluzscv < . o(x)Av(x).
zeX

Proof. If v is not admissible, then by definition fluz.,v = —oo and the theorem
is trivial. Let us assume therefore that v is admissible, that is fluxs.v is finite.
Let{E,,} be an exhaustion of X by an increasing sequence of finite connected
circled sets. Define

v () = v(z) + Z Av(y)qy(z).

YEEm

Then, for y € E,, Avp(y) = Av(y) — Av(y) = 0 and for y ¢ E,,
Avp (y) = Av(y) < 0. Hence vy, is superharmonic on X and is admissible, so
that fluxr.ov., < 0. Hence,

fluzsov + Z Av(y) fluzsegy(x) < 0.
yEEm

Now, g, (z) +¢(y)He(x) is bounded on X and hence fluzsoq,(r) = —¢(y), since
by definition fluz., H, = 1. Consequently, fluzov — > ¢(y)Av(y) < 0.
yEEm
Since Av <0, > ¢(y)Av(y) is a decreasing sequence in m. Allow m — oo,
yEEm
and conclude fluzoov < > p(y)Av(y). O
yeX

Theorem 3.5.2. Let u be a superharmonic function on a parabolic network X with
symmetric conductance. If >, Au(x) is finite, then u is admissible and flurou >
reX
> Au(z).
zeX
Proof. Given that for the superharmonic function u, Y Au(z) is finite. Let { E,, }

reX
be an exhaustion of X by an increasing sequence of finite connected circled sets
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such that e € F;. Let h,, be the Dirichlet solution in E,,, with boundary values u
on 0FE,, U{e} . Clearly, Bi—“, > ‘gZ—T on OF,,. Hence,

0
o< Y Au(z) = — lim Y —(s)
reX M= scHE,, 871
ahm
< — 1l —_—
- "LE)I})C SG%%‘WL ani ( )
= — lim [—Ahn(e)]
= lim [Ahy,(e)].
Remark that h,, is a decreasing sequence and write v = lim h,,. Then, h,,
being superharmonic on E,,, either v = —oo or v is superharmonic on X such
that Av(z) = 0if 2 # e. Suppose v = —oo. Then, given A > 0, there exists m

such that h,,(xg) < —A for some 2y ~ e. However, note that h,,(e) = u(e) for
all m. Hence,

Ah(e) = 3 t(e, @)[hm(2) — hm(e)]

zeX

= ; t(e, 2)[hm () = han(e)] + t(e, zo) [hm (o) — hm(e)]

< ; t(e,z)[hi(x) —u(e)] + tle,x0)[—A — u(e)]

= —Mt(e, o) + (a constant independent of m)

< —AS + (aconstant independent of m), where 5 = inf ¢(x, e) > 0.

xr~e

This means that lim Ah,,(e) = —oo, contradicting what we have proved earlier.

m—00

Hence, v is superharmonic on X. Moreover, if © # e, then v(z) < wu(z) and
Av(xz) = 0. Note that if & is harmonic on X\ {e} and h(z) < u(x) if x # e,
then h < Ay, on E,,, so that h < v on X\ {e}. Hence, v is the g.h.m. of w in
X\ {e}, so that

fluzoou = fluzsov = p(e)Av(e) = Av(e).

But Av(e) = lim Ah,,(e) > > Au(x). Hence, flursou > Y. Au(x). O

m—0o0 zeX zEX
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Corollary 3.5.3. Let u be a superharmonic function on a parabolic network X such

that > Au(x) is finite. Assume that the conductance in X is symmetric. Then u
reX
is admissible and Y Au(z) < flureou < Y. p(x)Au(z), where p(x) is as
zeX zeX
defined in Theorem 3.4.5.

Proof. This is a consequence of Theorems 3.5.1 and 3.5.2. a

An improvement of the above corollary is possible if we assume that there are no
cycles (= closed paths) in the parabolic network X with symmetric conductance.
Actually in this case we show that p(z) = 1 for each x in X . Recall that for a fixed
vertex e, H. > 0 is an associated unbounded function on X such that AH,(z) =
de(z) for each z in X, H, > 0 outside a finite set and H.(e) = 0.

Lemma 3.5.4. Let X be a parabolic network without any cycles. Assume that X
has symmetric conductance. Then, for any z in X, there exists a unique function
q.(x) on X such that Aq,(x) = —3,(z) forall z in X, q,(z) = 0 and (q, + H.) is
bounded on X.

Proof. Let q.(x) = —H.(x). Let a ~ e. Let A be the set of all vertices x such that
the (geodesic) path joining z to e passes through a. In particular,a € A and e ¢ A.
We show now that a constant oz can be chosen so that the function s defined on X
such that s(z) = g.(x) if © ¢ A and s(x) = g.(x)+« if x € A satisfies the relation
As(x) = —dq(x).

First note that except e, no vertex y € X\ A can have a neighbour in A. For,
if y ~ b € A, then there exists a cycle {e,...,y,b, ..., a, e} which is not possible
because of the assumption that there are no closed paths in X . Consequently, for
any = in X different from e and a, As(x) = 0. Now

As(e) = 3 tle, x)[s(x) — s(e)]

r~e

= > t(e,x)s(x),since s(e) = g.(e) =0

rr~e

= X tex)ge(x) + e, a)s(a).

e~zEX\A

Note > t(e,z)ge(xz) = Age(e) = —1,thatis >  tle,x)qe(x) + t(e,a)ge
T~e e~zeX\A

(a) = —1. Consequently,
As(e) = [-1 - t(e, a)q (@) + t(e, a)s(a)
= [-1—t(e,a)ge(a)] + t(e, a)[ge(a) + af

= —1+ at(e, a).
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Hence, to satisfy the condition As(e) = 0, we should choose o = [t(e, a)] L. With
this value of «,

As(a) = Y t(a,2)[s(z) - s(a)

r~a

2. ta,7)[ge() — ge(a)] + t(a, e)[s(e) — s(a)]

a~vzEA

> ta, 2)[ge(r) — ge(a)] + ta, €)[ge(€) — (ge(a) + a)]

a~z€A

= 2 Ua, 2)[ge(2) — ge(a)] — t(a, e)a

r~a

= Ag.(a) — 1since t(a,e)a = t(e,a)a =1
=0-1=-1.

Thus, As(z) = —d4(x) forall x in X; since |s — ¢| < @ and g.(z) = —H,(z),
we conclude that s + H, is bounded on X. Define g,(x) = s(z) — s(a). Then,
ga(a) =0, Agq(x) = —d4(x) for all z and (¢, + H.) is bounded on X.

Thus we have proved that for any a ~ e, there exists a function ¢, (z) on X such
that Ag,(x) = —d4(2) for all z, q,(a) = 0, and (g, — ¢.) is bounded on X . This
procedure can be repeated for any neighbour of a. Since X is connected, any vertex
z in X can be joined to e by a finite arc, so that we can determine a function g, (x)
on X such that Ag,(x) = —§,(z) forz € X, q.(2) =0, and ¢, — g = q» + H, is
bounded on X.

To prove the uniqueness, suppose u is a function on X such that Au(x) =
—0,(x),u(z) = 0,and u + H, is bounded on X. Then, take v(x) = u(z) — g.(x).
Since Av(z) = 0 for all x in X, v is harmonic on X; moreover, v = (u + H.) —
(¢. + H.) is bounded on X. Hence v is a constant; since v(z) = 0, we conclude
thatv = 0. O

The above lemma says that if X is a parabolic network without cycles but has
symmetric conductance, then we can choose ¢, (z) in Theorem 3.4.5 in a manner
that o(z) = 1 for every z in X.

Theorem 3.5.5. Let v be a superharmonic function on a parabolic network X
without cycles. Assume X has symmetric conductance. Then v is admissible if and

only if > Av(x) is finite. In fact
zeX

fluzoov = Z Av(z) = —n}iinoo Z ;n—qi(s),

rzeX SEOE,,

where { Ey, } is an exhaustion of X by an increasing sequence of finite circled sets,

(that is, each E,, is finite and circled, E,,, C E,,+1 and X = |J E,,,).
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Proof. From Theorem 3.5.2, if > Aw(z) is finite, then v is admissible. Con-
rxeX
versely, if v is admissible, then fluz.ov is finite and from Theorem 3.5.1 (with

e = 1), >, Av(z) is finite. Hence, if v is not admissible, then fluz v =
reX
> Av(z) = —oo. Let us assume therefore that v is admissible. Then again

zeX
Corollary 3.5.3 shows that

Z Av(x) < fluzsv < Z Av(x).

zeX rzeX
The second part follows from the Green’s formula > Av(z) = — > 2% (s).
0 SEOE .,
rxe€FE,,

O

Remark 3.5.1. From the above theorem, it can be seen that if v is a superharmonic
function on a parabolic network X without cycles but with symmetric conductance,

then 9
: . v
fluroov = lim Z Av(z) = — lim Z an—_(s)

m—0o0 m—0o0

zEE, s€OEm,

We can use this expression for fluz.,v to extend the definition of flux at infinity to
superharmonic functions defined outside a finite set in a parabolic network without
cycles, but having symmetric conductance. Let v be a superharmonic function
defined outside a finite set in a parabolic network X without cycles. Then as in
Proposition 3.4.6, there exist two superharmonic functions ) and ). on X such
that v = @ — Q. outside a finite set and Q). has finite harmonic support so that
flurs Q. is finite. Define

flureov = fluree@Q — flurs Q..

Ifv = Q/ — Q'C is another such representation, then @) + Q; = Q/ + Q. outside
a finite set, so that fluz.(Q + Q;) = flu:z:oo(Ql + Q.). Hence, flur.Q +
fluzoQ. = flureQ + fluzsQ.. This implies, since flurocQe, flursQ., are
finite, flurcQ — flurcQ. = fluxooQ/ — fluxQ;. Hence, there is no ambiguity
in the definition of flux.,v. Further,

flureov = — lim Z a@_v_(s)
n

m—0o0

SEOE,,

This definition accords with the earlier definition for a harmonic function defined
outside a finite set, as seen in the following theorem.

Theorem 3.5.6. Let X be a parabolic network without any cycles but with symmet-

ric conductance. If h = u+ aH, + b is a harmonic function defined outside a finite

set Ain X, then fluxooch = a = — 3 aaTh_(s), where F is any large finite set
SEOF

0
suchthat A C I
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0
Proof. Let A be a finite set such that Ah = 0 at every vertex outside 4 . Extend h
as a function v on X by taking the Dirichlet solution in A with boundary values h.
Letu(z) =v(z) + >, Av(y)gy(z). Then, Au(z) = 0 for every x in X, that is u
y€oA
is harmonic on X. Moreover, outside a finite set,

v(@) =u(z) = Y Av(y)[ay(z) + He(@)] + | Y Avly) | He(z),

yEDA yEDA

where > Av(y) = o, and b(z) = — > Av(y)lgy(x) + He(x)] is bounded
yedA yedA
harmonic outside a finite set, since g, (z) + H,(z)] is bounded on X for each y and

OA contains only a finite number of vertices. Since v = h and Av = 0 outside a

0
finite set in X, if A C F then

0= Y M) =Y M) = 3 =3 Dy

yEIA 0 sedF s€edF
yeFr

Corollary 3.5.7. Let X be an infinite network without any cycles but with sym-
metric conductance. Then X is parabolic if and only if for any bounded harmonic

function h defined outside a finite set ezajF a‘?l—h_ (s) = 0 for any large finite set .
S

Proof. For, if X is hyperbolic and if p is a positive potential in X with finite
harmonic support A, then by the Domination Principle p(z) < max p(z) for any
ze

0
. d
z € X, and for any finite set F, A C F, %:F%—p,(s) = =3 Ap(x) =
sE 0
zeF
— > Ap(z) # 0. On the other hand, in a parabolic network, for any bounded

z€A

harmonic function h defined outside a finite set, fluz.ch = — 3 ailh, (s) =0.
s€O0F

O

Remark 3.5.2. In a parabolic network X, for any z in X, there exists by Theorem
3.4.5, a unique function ¢,(z) and a unique constant (z) such that ¢.(z) = 0,
Aq.(z) = —0,(x) and [g,(x) + ¢(z)H(x)] is bounded on X . We shall now give a
characterization to determine the constant ¢(z) when X is a tree T'. Recall that in a
tree 7', the symmetry of conductance is not guaranteed.
Consequently, in the proof of Lemma 3.5.4, in the construction of the superhar-
t(a,e)

monic function s, we obtain o = [t(e,a)]”! and As(a) = 0 — Tle.ay if we are

dealing in a tree T" without symmetric conductance. Hence As(z) = — Eg:;g 0q ()
for all x € T Then, writing
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we find g, (a) = 0and Ag,(z) = —d,(x) forall z in T and [qa(x) +

is bounded on T'.
Let us repeat the procedure with respect to a vertex b ~ a, to construct g, ()
such that g5(b) = 0 and Agy(z) = —dp(z) for all 2 in T and

{Qb(fv) +

is bounded on 7. Let now z be an arbitrary vertex in 7'. Then, there is a unique path
{e, 21,22, ..., zn = 2z} joining e to z. Repeating the above procedure, we construct
¢z(x) on T such that and Ag,(z) = —d.(x) forall z in T and

t(e,z1) t(z1,22) t(zn—1,2)
t(z1,e) t(z2,21) " t(z, 2n_1)

0.+ ()|

is bounded on 7'. From the uniqueness of such a function ¢, (z) we conclude

t(e, 21)t(z1, 22) .- t(2n—1, 2)
t(z, 2n—1)t(2n-1, 2n—2)---t(21,€)

p(z) =

3.6 Pseudo-Potentials

In the classical potential theory in %2, if 1 > 0 is a Radon measure with compact
support K, then U*(z) = [ log ﬁdu(y) is a superharmonic function on R2,
R2

harmonic outside K. For some Radon measure 11 > 0, U*(z) = [ log ﬁdu(y)
%2

is still a superharmonic function in R2, even if 1 does not have compact support.
When U*(z) is superharmonic on R?, we call it the logarithmic potential with
associated measure y. This happens if and only if [ log|z|du(z) is finite. In
|z[>1
particular, if U*(z) is a logarithmic potential, then [ dy(x) is finite, that is U*(x)
2
is an admissible superharmonic function. But not egf/ery admissible superharmonic
function is a logarithmic potential. Logarithmic potentials are very useful when
we study in R?2, single layer and double layer potentials, analyticity of harmonic
functions, Poisson integrals, Harnack inequalities etc. [27, pp.176-186]. Since
logarithmic potentials form only a small subclass of admissible superharmonic
functions, it is convenient to introduce the notion of pseudo-potentials in the
larger class of admissible superharmonic functions and prove that any admissible
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superharmonic function in 2 is the sum of a pseudo-potential and a harmonic
function.

Actually, such decompositions for admissible superharmonic functions in the
Brelot axiomatic case without positive potentials have been given in [7] by using
H-functions: Let {2 be a Brelot harmonic space without positive potentials. Let
H > 0 be a fixed harmonic function defined outside a compact set K in {2,
tending to 0 on 0K with fluz.oH = 1. Let s be an admissible superharmonic
function on {2 with fluxs = « and let h be the greatest harmonic minorant of
s outside K; then s is said to be an H-function [7] if and only if (h — oH)
is bounded in a neighbourhood of the Alexandroff point at infinity of (2. (These
H-functions have many similarities with subharmonic functions of potential-type;
this latter class of functions was introduced in the Euclidean space 2 by Arsove
[12], by making use of the characteristic function and the order associated with
any subharmonic function in %2.) Then it is proved [7, Proposition 1] that any
admissible superharmonic function can be written as the sum of an H-function
and a harmonic function on (2. This decomposition is unique up to an additive
constant. Bajunaid et al. [16] call an admissible superharmonic function s on (2
an H-potential if 1imm Lrolf[h(z) — aH(x)] = 0 where the lim inf is taken with
respect to the Alexandroff one-point compactification of {2. Then they prove [16,
Theorem 3.1] that every admissible superharmonic function on {2 can be written
uniquely as the sum of an H-potential and a harmonic function. Earlier Cohen et al.
[37] have considered the discrete analogue of this decomposition in the context of
trees without positive potentials.

In this section, we define pseudo-potentials in a parabolic network X and obtain
some of their properties including their role in the Riesz-type decomposition of
admissible superharmonic functions in X.

Definition 3.6.1. An admissible superharmonic function g on a parabolic network
X is said to be a pseudo-potential if and only if its g.h.m. on X \e is of the form
aH, + b, where b is bounded harmonic and g(e) = 0.

Proposition 3.6.1. Let u and v be two pseudo-potentials on X. Then au (for o >
0) and (u + v) are pseudo-potentials.

Proof. Let hy = oy He + by and ho = aoH, + bo be the gh.m. of w and v in X \e,
where by, by are bounded harmonic. Let 2 be the g.h.m. of u 4+ v in X \e. Then,
h > hy + ho. Now, h < u + v implies that h — v < u. Since h — v is subharmonic
and hy is the g.h.m. of u, we conclude that » — v < hy. Analogously, h — hy; < wv
leads to the conclusion h — hy < hs. We have therefore h = hy + ho. Similarly ahy
is the g.h.m. of au. Since h = (a1 + az)H, + (b1 + b2) and u(e) + v(e) = 0, we
conclude that (u 4 v) is a pseudo-potential. Similarly, cu is a pseudo-potential. O

Proposition 3.6.2. Let u and v be pseudo-potentials. Then, inf(u,v) is also a
pseudo-potential.

Proof. The g.h.m. of u and v outside a finite set are of the form «; H, + b; and
a9 H, + by where biand by are bounded harmonic functions. Assume without loss
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of generality that as < 1. Then, fora constant A < 0, ao He +bo2+ A\ < a1 Ho + b1
on X \e. Hence, if h is the g.h.m. of inf(u,v) in X \ e then agH. + by + A < h.
But h < v on X\e so that h < asH, + be on X \e. Consequently, h = asH.+
(a bounded harmonic function b) in X \e; also [inf(u, v)](e) = 0. Hence inf(u, v)
is a pseudo-potential with fluz . [inf(u, v)] = aa. O

Proposition 3.6.3. Let u be an admissible superharmonic function equivalent to a
pseudo-potential. Then u is a pseudo-potential up to a constant.

Proof. Let u be equivalent to a pseudo-potential ¢ whose g.h.m. on X\ e is aH, +b.
Let h be the g.h.m. of uin X \e. Then, h = aH.+b+ (a bounded harmonic function
b1) on X \e, since u is equivalent to ¢. Hence, u(x) — u(e) is a pseudo-potential
on X. a

Remark 3.6.1. In Theorem 3.4.4, it is proved that if e ¢ F, and if s is an admissible
superharmonic function, then s and its balayage B~ have the same g.h.m. on X \e.
Consequently, if ¢ is a pseudo-potential, then B f also is a pseudo-potential.

Theorem 3.6.4. Any admissible superharmonic function s in a parabolic network
X is the unique sum of a pseudo-potential q and a harmonic function h.

Proof. Letu be the g.h.m. of sin X\ {e} . Then, u is of the formu = f + aH. +b
outside a finite set. Write h(z) = f(x) + [s(e) — f(e)] and ¢(z) = s(x) — h(x),
so that h(z) is a harmonic function on X, ¢(z) is a pseudo-potential and s(z) =
q(x) + h(x).

Suppose s = g1 + h; is another such representation of s as the sum of a pseudo-
potential and a harmonic function on X. Then, ¢(z) + h(z) = q1(z) + hi(x).
If aH, + b is the gh.m. of ¢ in X \e, with b bounded, then «H, + b + h — hy
is the g.h.m. of the pseudo-potential ¢g; on X \e, so that (b + h — hy) is bounded.
This implies that (h — hy) is bounded on X and hence h — h; = ¢, a constant.
Consequently, ¢ = h(e) — hi(e) = qi(e) — g(e) = 0. Thatis, h = hy and then
q = q1. O

Corollary 3.6.5. (Pseudo-potentials with point harmonic support) For any y in a
parabolic network X, there exists a unique pseudo-potential Qy(x) on X such that

AQy(x) = —by(x).

Proof. In Theorem 3.4.5, the existence of an admissible superharmonic function
gy(x) on X such that Ag, (x) = —d,(x) is asserted. Then, by the above theorem,
gy(z) = Qy(z) + h(z) on X where Q,(z) is a pseudo-potential and h(x) is
harmonic on X. Hence, AQ,(z) = —d,(x).

To prove the uniqueness, suppose s(z) is another pseudo-potential on X such
that As(z) = —d,(z). Write u(z) = s(z) — Qy(x). Then Au(x) = 0, that is u
is harmonic on X. Since s(x) and Q,(x) are pseudo-potentials, then we have for
z # e, Qy(r) = aHe(x)+b(x) and s(z) = BH.(x) + B(x) where b(x) and B(z)
are bounded. Since u is harmonic on X and u(z) = (8 — a)He(x) + [B(z) — b(x)]
on X\e, then 8 = « and consequently u is a constant ¢ on X. Now ¢ = u(e) =
s(e) — Qy(e) = 0. Hence, s(x) = Qy(z) forall z € X. O
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Theorem 3.6.6. (Domination Principle for pseudo-potentials) Let q be a pseudo-
potential on X with finite harmonic support K. Let s be a pseudo-potential up to
a constant such that flure.s > flureq. If s > qon K, then s > q on X. In
particular, for a constant o, if ¢ < o on K, then ¢ < o on X.

Proof. Let aH, + b be the gh.m. of ¢ on X\e and SH, + B be the g.h.m. of
s on X\e. Then, 3 > « by the assumption and b and B are bounded harmonic
functions. Since ¢ is harmonic outside a finite set, by Lemma 3.4.2, there exists a
harmonic function & on X \e such that (h — ¢) is bounded outside a finite set; hence,
h — X < qon X\e, for some constant \. Now, aH, + b being the g.h.m. of ¢ on
X\e, we should have h — A < aH, + b < g on X \e. This implies, since (h — ¢) is
bounded outside a finite set, that ¢ — (aH, + b) = by is bounded outside a finite set
A e € A
Write u = s — g on X. Then, Au(z) < 0if z € X\K and on X\ A4,

w>[BH. + B] — q = [3He + B] — [aH. + b+ b1] > B— (b+by),

since 3 > a. This implies that « is lower bounded. Noting that v > 0 on K, apply

the Minimum Principle (Theorem 3.4.1) for « on X\ K, to conclude that u > 0 on
X\K.Hence,u > 0on X, thatis s > g on X.

For the particular case, take s = ¢ and note that fluz.s = 0 and fluxr,q < 0.

O



Chapter 4
Schrodinger Operators and Subordinate
Structures on Infinite Networks

Abstract Potential theory associated with the Schrodinger operators in a domain
w in the Euclidean space is closely related to the Laplace potential theory in w.
Based on this fact, in an infinite network X two harmonic structures, called the
Laplacian and the g-Laplacian, are introduced and the interrelations between the two
associated potential theories are investigated. In some sense, the g-Laplace structure
is subordinate to the Laplace structure; this leads to the introduction of subordinate
harmonic structures in an infinite network which already has a harmonic structure
on it. This chapter deals with these subordinate structures in relation to the original
structure.

On many occasions, we consider more than one harmonic structure on the same
space X, and it is useful to know the interrelation between the harmonic functions
defined by different structures on X . For example, if X = (0, c0), then consider the
two sets of harmonic functions given by the C%-solutions of y/ = 0 and y” =.
In the first case, constants are harmonic and in the second case the constant 1 is a
superharmonic function with e~ as its g.h.m. Actually, if w > 0 is harmonic or
superharmonic in the first harmonic structure, then u' =0 (respectively u < 0)
sothatu —u < 0. That is, u is superharmonic in the second harmonic structure.
As another example, in the classical potential theory in domains in the Euclidean
space ", n > 2, we have the Laplace operator A and the Schrédinger operator A,
defined by Aju(zr) = Au(z) — ¢(x)u(z), where usually the real-valued function
q(x) is assumed to be non-negative. Then there are two sets of superharmonic
functions, one defined by Au < 0, and the other defined by Aqu(x) < 0. We can
consider a similar situation in the case of discrete potential theory by comparing
superharmonic functions defined by Au(x) = > t(x,y)[u(y) — u(z)] < 0 and the
Yy~

g-superharmonic functions Agu(z) = > t(z,y)[u(y) — u(r)] — ¢(z)u(z) < 0.If
Yy~

we assume ¢(x) > 0 [72], then the non-negative constants are g-superharmonic

functions; this fact is crucial to develop a global g-potential theory on infinite

networks.
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We start with a connected infinite network {X,¢(z, ), ¢(x)} with a countable
number of vertices, {t(x, y)} being the set of conductance not necessarily symmet-
ric, and ¢(x) is a real-valued function on X. We suppose that X is locally finite,
that is every vertex has only a finite number of vertices as neighbours. If we do not
presuppose that X is locally finite, then we may have to consider only functions
u(x) which satisfy the condition that for any vertex z, > ¢(x, y)u(y) is absolutely

y~x
convergent; also, we may have to assume that ¢(x) = > t(x,y) is finite for every
Yy~
vertex x. We define, without placing any restriction on the sign of the function
q(z), Aqu(z) = Au(z) — g(r)u(z) and say that v defined on a subset F of X is

0
g-superharmonic if Aju(x) < 0 for every x € F'. Remark that given any function

& > 0, if we take g(z) = Aé—g), then £(x) is a positive g-harmonic function on X.
However, in the general case, A;u < 0 may not have a positive solution. For
example, at some vertex xo € X, if we have t(xo) + ¢(zo) < 0, then there can

be no positive g-superharmonic function on X.

4.1 Local Properties of g-Superharmonic Functions

In this section, g(x) is an arbitrary real-valued function on X; recall that a real-
valued function u defined on X is said to be g-superharmonic on X if Au(z) <
q(z)u(x) for every z € X. The following properties are readily proved:

1. If w and v are g-superharmonic on X, and if «, § are two non-negative numbers,
then cu + B and inf (u, v) are g-superharmonic functions on X.

2. If u,, is a sequence of g-superharmonic functions and if u(x) = lim w,, (x) exists
and is finite for each z, then u is g-superharmonic on X.

3. For any finite set F, there exists a constant M > 0 such that for any real-valued

0
function f on X, |A,f(z)| < M > |f(y)| forany x € F.
yer

0
Proof.Let x € F. Forany f on X,

[Agf(2)] = | 30 tz,9)f(y) — [t(x) + q(2)] f(2)

Y~z

= | 2tz 9)fy) = [t(z) + q(2)] f (=)

yel

)

0
(sincex € F,ify ~x,theny € F.)

<D e y) IF W)+ @) + la@))]|£ ()]

yeF
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< [t(2) + lg(@)] [If(fv)l + 2 f(y)ll

yeF

<M Y |f(y)], where M = 2max [t(x) + |q()].
yer z€EFR

4. Let u > 0 be g-superharmonic on X. Suppose u(z) = 0 for some z in X, then
u=0.
Proof. 0 = [t(z) 4+ q(z)]u(z) > > t(z,y)u(y) > 0. Hence, u(y) = 0 if
Yy~x
y ~ x. Then, by the connectedness of X, it follows that u(z) = 0 for all z in X.
5. Let t(zo) + q(wo) < 0 at some vertex xyp € X. Then there is no positive
g-superharmonic function on X.
Proof. Suppose u > 0 is g-superharmonic on X . Then,

0 > [t(z0) +qlzo)Julzo) = Y t(zo,y)uly) =0,

Yyn~xo

which implies that u(y) = 0 at any y ~ xo. Hence, by the above minimum
principle, © = 0.
6. There exists a positive g-superharmonic function on X if and only if ¢(z) >

Ag%g) on X, for some £ > 0 defined on X.

Proof. Suppose the condition is satisfied. Then & > 0 is a g-superharmonic
function on X. For, A &(z) = > t(z,y)[E(y) — &{(x)] — q(2)€(z) < A&(x) —

Yyn~x
A€(x) = 0. Conversely, suppose there exists a g-superharmonic function s > 0
on X; that is, As(z) — q(z)s(z) = Ays(z) < 0. Then, ¢(z) > Ag?gf'):) on X.

7. (Harnack property for g-superharmonic functions) Let A and B be two disjoint
finite subsets of X. Assume ¢(z) + g(x) > 0 for every vertex « in X. Then there
exists a constant o > 0 such that u(z) > au(y) if z € A, y € B, for any
non-negative g-superharmonic function u on X.

Proof. Since A and B are finite sets, it is enough to prove that if z # vy,
then there exists a constant &« > 0 such that u(z) > au(y) for any g¢-
superharmonic function v > 0 on X. Choose a path {x = xo,z1,...,2n = y}
connecting x and y. Let w > 0 be a g-superharmonic function on X. Then,

[t(x) + q(z)|u(z) > > tlx,y)u(y) > t(z,x1)u(zy). Similarly, [t(z1) +

Yy~

g@)u(z) > X tHoy)uly) > Hai,ws)u(zs). Consequently, u(z) >
t(x,xl) X ty(afl,;h)
[t(z)+q(z)] [t(z1)+q(z1)]

t(z,x1)..t(xn—1,y)
[t(x)+q(z)]...[t(xn,1)+;(xn,1)]’ then o > 0 and u(x) > au(y).

Theorem 4.1.1. Assume that [t(x) + q(x)] > 0 for every x € X. Let F' be a subset
of X. Suppose u is a q-superharmonic function on F and v is a q-subharmonic
function on F such that u > v. Then there exists a q-harmonic function h on F such
that w > h > v. This function h can be chosen such that if R’ is another q-harmonic
function and if u > h' >von F, thenh > h' on F.

u(xs2). Proceeding similarly, we find that if @ =
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Proof. Let & be the family of all g-subharmonic functions g on F' such that

0
u>g>wvonF.Leta € F.Then, ) t(a,y)g(y) > [t(a) + q(a)]g(a). Consider

Yyn~a
the function ¢’ defined on F such that g/(y) =g(y) ify # aand
9(@) = gartaar 2 tay)g(y). The function g (z) is usually denoted by
y~a

P,g(z), and is called the A -Poisson modification of g at the vertex a. Then, g/ >gq
on F', and

Agg'(@) = X Ha,9)lg' ) - ¢ (@) - gla)g (a)
= X Ha,y)g(y) — [t(a) + a(a)lg (a) = 0.

y~a

Hence, g/ is g-harmonic at the vertex a.
0
If z € F and z # a, then

/

Agg (2) = y;zt(z, )9 (y) — [t(z) + a(2)lg (2)
> y;zt(z, v)g(y) — [t(2) + q(2)lg(2),

since ¢ > gon Fand g (2) = g(z) if 2z # a. Consequently, Aqg/(z) >
Aqg(z) > 0. Thus, g/ is g-subharmonic on F' and g-harmonic at the vertex a.
Moreover, g (a) < qu(a)] UXN:G t(a,y)u(y) < u(a), since u is g-superharmonic.

Consequently, g/ < wu on F. Hence, g/ € S, so that & is a Perron family of
g-subharmonic functions on F' (Sect. 2.4).
Let h(x) = sup g(x) forevery x € F. Since each g < u, we find h < won F. Let
geS

0
a € F, and let V (a) denote the set of neighbours of a, together with a. Then, V (a)

is a finite set so that we can find a sequence { gg(c")} in S forevery € V(a) such that

gg(gn) — h(x) as n — oo. Since J is an upper directed family of functions, and since

V' (a) contains only finitely many vertices, there exists u,, in  such that u,, > gg(cn)
for every © € V(a). Hence uy,(z) — h(x) for every x € V(a). Let v, = Pyuy,.
Then, as shown above, v, € S and v, (z) — h(z) asn — oo for every z € V(a)
and v,, is g-harmonic at a. Consequently, we have Agh(a) = nlinéo Aqvp(a) = 0.
That is, A is g-harmonic at a. Thus, A is a g-harmonic function on F' such that
u>h>vonkF.

Suppose R’ is a g-harmonic function on F such thatw > A" > v. Then h’ € S,
so that b’ < honkF. O

Remark 4.1.1. We say that a non-negative g-superharmonic function pon aset £ C
X is a g-potential on E if for every g-subharmonic function v on E such that v < p
on F, we have v < 0. Thus, with the notations of the above theorem, p = u — h is
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a g-potential on F' and v = p + h is the unique representation of « as the sum of a
g-potential and a g-harmonic function on F'.

Let s be a g-superharmonic function on X. Suppose A is the smallest subset of
X such that s is g-harmonic at each vertex of X\ A. Then A is referred to as the
q-harmonic support of s in X.

Theorem 4.1.2. (q-Domination Principle) Let [q(x) + t(x)] > 0 for every x in X.
Let p be a q-potential with q-harmonic support A. Let s > 0 be any
q-superharmonic function on X such that s > pon A. Then s > pon X.

Proof. Let u = inf(s,p). Then, u is g-superharmonic on X and v < p on X and
u =ponA. Write v = p — u on X. Then, fora € A,

Ago(a) =) ta,y)o(y) — [a(a) +t@)]o(a) = Y ta,y)u(y) = 0.

y~a Yy~a

For z € X\A4, Ayv(z) = Agp(x) — Aqu(z) = 0 — Aju(x) > 0. Hence, v is
g-subharmonicon X and v < pon X. Hence v < 0 on X, so that p < u; butu < p.
Consequently, s > p on X. O

Theorem 4.1.3. Assume that [t(x) + q(x)] > 0 for every x € X. Let f(x) be a

real-valued function on X. Suppose the family S of q-superharmonic functions s

majorizing [ on X is non-empty. Then Rf(x) = inf s(x) is q-superharmonic on
SET

X and q-harmonic at each vertex a where f(x) is q-subharmonic.

Proof. & is a lower-directed family of g-superharmonic functions. Hence Rf is
a g-superharmonic function on X. For, if x and y are two vertices in X, choose
two decreasing subsequences {u,} and {v,} such that Rf(x) = limu,(x)
and Rf(y) = limw,(y). Since $ is lower-directed, we can choose a decreasing
sequence {wy, } from $ such that Rf(x) = limw,(x) and Rf(y) = limwy(y).
Since X is a countable set of vertices, this method will produce a decreasing
subsequence {s,} from < such that Rf(z) = lim s, (z) for every z € X. Since

Rf(z) > f(z), we conclude that R f is a g-superharmonic function on X.

Suppose f(z) is g-subharmonic at x = a. Let s € . Consider the function s, (z)

on X such that s,(z) = s(z) if z # a and s,(a) = Z t(flg(jrf]’) s(y) < s(a).

Then, as shown in the proof of the above theorem, sa(x) is g-superharmonic
on X and g¢-harmonic at z=a. Moreover, at x=a where f(x) is
g-subharmonic, we have

sola) = 3 %s@) =% %ﬂm > f(a).

y~a y~a

Hence, sq(z) > f(z) for all z € X. Consequently, s, € . This implies that
Rf(z) = inf s(x) is g-harmonic at z = a. O
5€J
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Corollary 4.1.4. (q-Balayage) Let s > 0 be a q-superharmonic function on X and
let A be an arbitrary subset of X. Then there exists a q-superharmonic function
R% > 0o0n X suchthat R? < sonX, R2 = s on A and R is g-harmonic at each
vertex in X\ A.

Proof. Since s > 0 is g-superharmonic on X, for any z € X,

) +ae) = Yt 52 > .

Define f > 0 on X such that f = son A and f = 0 on X\ A. Note that for any
r € X\A, wehave A, f(z) = > t(x,y)f(y) > 0, that is f is ¢g-subharmonic at

y~z

Yy~

each vertex in X'\ A.

Now, if we set RA=Rf on X, then by the above theorem RZ >0 is
g-superharmonic on X and g¢-harmonic at each vertex of X\A. Since the
g-superharmonic function s> f on X, we conclude that ngs on X; but
RY > f =son Asothat RY = son A. O

Note. 1. The g-superharmonic function RZ is the smallest in the following sense:
If u is a non-negative function on X such that v < son X, u = son A and u is
g-harmonic at each vertex of X\ A, then u > R4 on X.

For, if a € A, then since u(z) < s(z) for all X and since u(a) = s(a), we have

Agu(a) = 3 ta, y)uly) — [t(a) + q(a)]u(a)

y~a

< 2 ta,y)s(y) — [t(a) + q(a)]s(a)

y~a

<0.

By hypothesis, Aju(z) = 0if x € X\ A. Hence Aju < 0 on X. That is, u is
g-superharmonic on X and u = s on A. Hence, u > Rf (Corollary 4.1.4).

2. Suppose there exist g-potentials on X. Then, for any vertex e, there exists a
unique g-potential Ge(z) > 0 X such that A;G.(x) = —d.(z), forall z € X.
For, if p > 0 is a ¢-potential on X, take s(x) = p(x) and A = {e} in the
above corollary and write

(e},
GE(CL’) _ RP ( )

(—A R (e)

we know that a positive g-superharmonic function dominated by a g-potential is
itself a g-potential. Suppose ¢ > 0 is another g-potential such that A;Q(x) =
—dc(x). Then, Q(z) = Ge(x)+[a g-harmonic function h(x)] in X; and, by the
uniqueness of decomposition of a positive g-superharmonic function as the sum
of a g-potential and a g-harmonic function, we note that A = 0. (see Theorem
4.1.11 below for a generalization of this result.)
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Since the potential theoretic study of functions on X is fertile if there is at
least one positive g-superharmonic function on X, we shall assume in the sequel
that there exists a function & > 0 on X, such that q(x) > Agfg) on X. As a
consequence, we have [t(x) 4+ ¢(z)] > 0 for every vertex z in X . For,

q(r) > Aﬁig) = Zt(x,y)—[g(y)f(;)f(x” = lz t(x,y)%} —t(z).

y~z y~zx

Hence, [t(z) + q(z)] > > (=, y)% > 0. Then the following lemma (which
y~T

is basically in Bendito et ali [20]) is useful.

Lemma 4.1.5. Let u be a real-valued function defined on X and let v = %. Then,

Aqu(z) = 3 tz,y)EW)[oy) —v(@)] + [A¢(z) — E(2)q()]v(@).

y~z

Proof.

Agu(e) = Au() - g(2)u(x)

~ A A AL
= [Au(e) = Z5rule) + [y~ a@u)
_ @[axmu@) — u(2) AL()] + [AL() — £@)g(@)]o(2).

Now,

() Au(z) — u(z)Ag(x) = £(2)[ X2 t(z, y){uly) — u(z)}]

(@) S e uHE() ~ €a)]
= % i )lE@uty) W)
= 5t pE@EW [85 - ]
=€) X e n)elely) ()]
The lemma is proved. O

Theorem 4.1.6. (Minimum Principle for the q-Laplacian) Let F be a finite subset
of X. Let u be a g-superharmonic function on F such that v > 0 on OF. Then u > 0
on F.
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Proof. Letv = % Suppose u takes negative values in F'. Then, v takes negative

0
values on F. Let —\ = mi%lv(x). Then, for some z € F, v(z) = —A\. Note
TE

u(z) < 0. Then, by the above Lemma 4.1.5,

0= Agu(z) = 22 tz,9)EW)v(y) —v(2)] + [A(2) — £(2)q(2)]v(2)

yn~z

= [a non-negative term] + [a non-positive term][a negative term] > 0.

We conclude, in particular, that v(y) = v(z) = =X if y ~ z.
Let a ¢ F. Since X is connected, there is a path {z,y1,y2,...,yn = a}
0

connecting z and a. Take the smallest index 4 such that y; ¢ ]?‘ and y;_1 € F.
Then, y; € OF and hence u(y;) > 0 so that v(y;) > 0. But v(y;) = v(yi—1) = ...
= v(z) = —\, a contradiction. Hence, v does not take negative values on F'. Since
v > 0, we conclude that u > 0 on F'. O

Remark 4.1.2. The above theorem in the case of a finite network when g(x) > 0
and g(z¢) > O for at least one vertex x has been proved as Lemma 2.4.3.

Theorem 4.1.7. (Generalised Dirichlet solution for the q-Laplacian) Let F' be a

subset of X. Let E be a subset in lg. Let f be a real-valued function on F\E.
Suppose there exist functions u and v on F such that Agu < 0 and Agv > 0 on E,
u>vonFandu> f>von F\E. Then, there exists a function h on F such that
h=fonF\E,u>h>vonF and Ajh = 0 at every vertex in E.

Proof. Let uy be the function on F' such that u; = f on F\E and u; = w on E.
Then, u; is g-superharmonic at every vertex in E. For, let x be a vertex in E. If
and all its neighbours are in F, then Ajuq(x) = Aju(z) < 0; on the other hand if
x has one or more neighbours in F'\ E, then

Aqui(z) = Auy(x) — q(z)ur(z)

< Au(x) — q(x)u(z),since u(z) > f(z) = ui(z) if z € F\E
and u(z) = ui(x)

= Aqu(z) <0.

Similarly, if vy is the function on F' such that v; = f on F\E and v;1 = v on E,
then v; is g-subharmonic at every vertex in E. Moreover, u; > vy on F, so that as in
the proof of Theorem 4.1.1 we can construct a function i on F’ which is g-harmonic
at every vertex of F and u; > h > v; on F. Moreover, h = f on JF; and this
function h is the largest one by construction. O

Corollary 4.1.8. (Classical Dirichlet solution for the q-Laplacian) Let F' be a finite
subset of X. Let f be a real-valued function defined on OF. Then, there exists a
unique q-harmonic function h on F such that h = f on OF.
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Proof. Since £ > 0 is g-superharmonic on X, we can find a constant A > 0 such
that —A\{(z) < f(x) < A(z) if = € OF. Then, by Theorem 4.1.7, there exists a

0
function h on F such that h = f on OF and A h(z) = 0if x € F'. The uniqueness
of h follows from the Minimum Principle given in Theorem 4.1.6. a

We have assumed that there exists a function £ > 0 on X such that g(z) >

If it so happens that g(z) = Ag%g) , then &(z) is a positive g-harmonic function on

X. Even if it is not the case, the following theorem shows that there always exists at
least one positive g-harmonic function on X.

Theorem 4.1.9. There exists a q-harmonic function h > 0 on X.
Proof. Fix a vertex z. Let { K, },>1 be an increasing sequence of finite sets such

that z € I?n c K, C K:+1 C K,4+1 and X = UK,,. Let s,, be the function on
X defined as the Dirichlet solution in K,, with boundary values £(z) and extended
by &(x) outside K,,. Write h,(x) = ‘;‘"—EIZ; Then, h,, is g-superharmonic on X,
Aghyp(z) =0forx € Ign and h,(z) = 1.

We know that (Property 7, Sect.4.1) for any y € X, there exists a constant
a(y) > Osuchthatu(y) < a(y)u(z) for any g-superharmonic functionu > 0 on X.
In particular, for any € X, h,(2) < a(x)h,(2) = a(z), so that {h,(z)} is
a bounded sequence of real numbers. Since X is a countable set, we can extract

a subsequence {h;L} from {hy,} such that h(z) = lim h, (z) exists for each x

in X. Now, given any finite set F' in X, we can find an integer m such that h/n
is g-harmonic at each vertex of F' if n > m. Consequently, /i is g-harmonic at
each vertex of F. The set F being an arbitrary finite set, we conclude that h(x)
is a non-negative g-harmonic function on X. Since h(z) = 1, by the Minimum
Principle (Property 4, Sect. 4.1), h > 0 on X. This proves the existence of a positive
g-harmonic function on X. a

The following theorem is a generalisation of the well-known condenser prin-
ciple in finite electrical networks, for a condenser with positive and negative
plates.

Theorem 4.1.10. Let A and B be two arbitrary disjoint subsets of X. Then, there
exists won X such that 0 < u(z) < &(x) forx € X,u=Eon A,andu = 0on B.
Moreover, Agu = 0on X\(AU B), Aqju < 0o0n A, and Aqu > 0 on B.

Proof. Let E = X\(A U B). Let F' = V(E) be the set consisting of E and all
0

the neighbours of each vertex in E; then, E C F . Let f be the function defined on

F\E suchthat f = &on (F\E)NAand f =0on (F\E)NB.Then, 0 < f < ¢

on F\ E. Hence, by Theorem 4.1.7, there exists a function v on F such that u = f

on F\E,0 <u < ¢onF and Aju = 0 at every vertex on E. Extend u by £ on A
and by 0 on B. Then, u is a function defined on X.
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If a € A, then

Aqu(a) = 3 ta, y)[uly) — £(a)] — q(a)é(a), since u(a) = &(a)

y~a

< > Ha,)[E(y) — &(a)] — q(a)é(a) = Ayé(a) <0

y~a

If b € B, then
Aqu(b) = > t(b,y)[u(y) — 0] — 0, since u(b) =0
> 0.

O

The following result is a crucial one which asserts the existence of g-superhar-
monic functions on X with point g-harmonic support, like the Green function and
the Logarithmic function in the classical potential theory on the Euclidean spaces.

Theorem 4.1.11. For any vertex e in X, there exists a q-superharmonic function s
on X such that Ags(x) = —0.(x) for every v € X.

o
Proof. Let {E,} be a sequence of finite connected, circled sets such that e € Ej,

0
E, C B,y forn>1,and X = UE),. Let 1 ~ e and let E be the set of vertices
consisting of all y such that a path connecting y to e passes through z;. Then F

0
is connected and every vertex in E other than e is in . Since X has an infinite
number of vertices, we can choose F as an infinite set. Let F,, = E'N E,, and let
h., be the g-Laplacian Dirichlet solution in F;, with boundary value 0 at e and £(x)

at other boundary vertices = of F},. Let u,,(x) = :”((x)) Then, as explained earlier,

we can extract a convergent subsequence { } of {u,} such that u, (z) tends to a
finite limit u(x) at every vertex in E.

Now, given any vertex a € FE\{e}, u, () is g-harmonic at z = a for n
large. Hence, u(x) is ¢-harmonic on F such that u(e) = 0, u(x;) = 1. Define
a function v > 0 on X such that v = v on E and v = 0 outside E. Then, v > 0
is g-subharmonic on X and ¢-harmonic on X\ {e}. Remark that Ajv(e) # 0;
for, if Agv(e) = 0, then v > 0 is g-harmonic on X and takes the value O at e.
Consequently, we arrive at the contradiction that v = 0. Hence, Ajv(e) # 0. Now,

set s(x )—Av((e)),forxeX. O

Corollary 4.1.12. (q-Green’s function for a finite set) Let F' be a finite set in X.
Lete € F Then, there exists a unique q superharmonic function GE (z) > 0 on F
such that A,GE (z) = —0.(z) for x € F and G (z) = 0 for each z € OF.
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Proof. Let s(x) be a g-superharmonic function on X such that Ays(x) = —d(z)
for each 2 in X. Let h(x) be the Dirichlet g-Laplacian solution for F with
boundary values s(z) on OF. Then, G (z) = s(x) — h(x) defined on F has
the properties stated in the theorem. The uniqueness of GZ'(x) follows from the
Minimum Principle Theorem 4.1.6. O

Theorem 4.1.13. (q-Equilibrium Principle) Let f(x) and g(x) be two real-valued
functions defined on X. Let E be a finite subset of X. Then there exists a unique
Sunction v on X such that Aqu(a) = f(a) for each a in E and u(z) = g(z) for
each z in X\E.

Proof. Let FF = V(E). Then, E C 1(«1. For a € E, let s be a g-superharmonic
function on X such that Ays(x) = —d,(z) in X. Choose A > 0 large so that
—X(y) < s(y) for every y € F. Then, by Theorem 4.1.7, there exists a function
h on F such that Ajh(z) = 0if x € E and h(z) = s(z) if z € F\E. Define
ga(x) on X such that g,(x) = s(z) — h(x) on F extended by 0 outside F. Then,
Agga(x) = —dq(x) for every z € E and g,(z) = 0 for each z € X\ E. Write
v(z) = — 3 f(a)ge(z), for x in X. Then, Ajv(a) = f(a) for each a in E, and
ackE

v(z) =0ifz € X\E.

Again, choose some o > 0, so that —aé(y) < g(y) < a&(y) for y € F. Then,
there exists h1(y) on F such that Ajhi(z) = 0if x € E and hy(z) = g(x) for
x € F\E. Letw(x) be the function defined on X such that w(y) = hy(y) ify € F
and w(y) = g(y) if y € X\F. Then, Ajw(a) = 0if a € F and w(z) = g(z) if
z € X\E.

Write v = v + w in X. Then, Aju(a) = f(a) if a € E and u(z) = g(z) if
z € X\ E. For the uniqueness of the function u, we rely on the result (proved as in
Theorem 4.1.6) that if E is a finite set in X and if k() is a function on X such that
Agk(a) =0ifa € Eand k(z) =0if z € X\E, then k = 0. O

4.2 Classification of g-Harmonic Networks

We continue with our assumption that there exists a function £ > 0 on the infinite

network X such that ¢(x) > Aég) for every « € X. However, now we shall make
a simplification. By Theorem 4.1.9, there exists a g-harmonic function &~ > 0 on
X, that is h(x)q(x) = Ah(z) for every x € X. Hence, without loss of generality,
we shall assume henceforth that q(x) = Affg) for x € X. But the existence of a
g-harmonic function on X does not insure the existence of g-potentials on X. We
give now a necessary and sufficient condition for the existence of g-potentials on X
by using a property of “the point at infinity”.

&-harmonic measure of the point at infinity: Let e be a fixed vertex. Let { E,, } be

o

a sequence of finite connected circled sets such thate € Fy, E,, C E, 4, forn > 1,
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0
and X = |J E,. Take F' = E,, E = F\{e}. Then, by Theorem 4.1.7, there
n>1
exists a unique g-harmonic function u,, on F' such that u,(e) = 0, u,(z) = &(2)
if z € OF, and Agqu,(z) = 0if 2 € E. Assume that u,, has been defined on

X by taking u,(z) = &(z) if z € X\F. Then, {u,} is a decreasing sequence of

g-superharmonic functions on X\ {e}, such that Aju,(z) = 0if z € E,\ {e}.
Let h(z) = nlin;o up(x) for x € X. Then, 0 < h(z) < {(x) for every z € X,
h(e) =0, Ayh(e) > 0,and Ajh(x) = 0if x # e. We refer to h(z) as the Dirichlet
solution with boundary values 0 at e and £ at the point infinity. It is possible that
h = 0 on X in which case we say that the &-harmonic measure of the point at
infinity is 0; otherwise, the &-harmonic measure of the point at infinity is positive.

Theorem 4.2.1. The &-harmonic measure of the point at infinity is positive if and
only if there exist q-potentials on X.

Proof. Suppose the ¢-harmonic measure of the point at infinity is positive. Then,
&(x) — h(x) is a positive g-superharmonic function that is not g-harmonic on X.
For, if h is g-harmonic on X, then by the Minimum Principle (Property 4, Sect. 4.1)
h = 0 on X. Hence, by the remark following Theorem 4.1.1, £(x) — h(z) is the sum
of a positive g-potential and a non-negative g-harmonic function on X . This proves
the existence of a positive g-potential on X .

Conversely, suppose there exists a g-potential on X . Then, by Note 2 following
Corollary 4.1.4 we can construct a g-potential p on X with g-harmonic support {e} .
Then, u(z) = 58 p(z) is a g-potential with g-harmonic support at {e} and u(e) =
&(e). Hence, by the Domination Principle given in Theorem 4.1.2, u(z) < {(x) for
everyz € X. Letv(x) = £(z)—u(z). Thenon E,, 0 < v(x) < uy,(x) where u, (x)
is the above-defined ¢-Dirichlet solution in E,, with {(x)on JE,, and 0 at e. Taking
limits when n — oo, we see that v(z) < h(x); thatis, 0 < {(z) — u(z) < h(x)
on X. Since &(x) is g-harmonic on X and u(x) is a positive ¢g-potential on X, the
function € is different from u. Hence, & is not identically 0. That is, the £ —harmonic
measure of the point at infinity is positive. a

Now, write v = % for any real-valued function v on X. Then, by Lemma 4.1.5,

Agu(a) =Yz, y)EW)[o(y) — v(@)] — [E(@)alx) — A&(x)]v(2).

y~x

Let us consider a new set of conductance t*(z, y) = t(x,y)&(y) defined on the edge
[z, y]. With this set of conductance, let us denote the Laplacian on X by Av(x) =

>z, y)E(y)[v(y) — v(@)].

y~z

Then, Aju(z) = Afv(x) for z € X, since g(z) = Af(g) Consequently, u is

g-harmonic (respectively, g-superharmonic) if and only if v = % is AS-harmonic
(respectively, A¢-superharmonic) on X . Thus, a potential-theoretic problem in X
with the original set of conductance {¢(z,y)} can be stated as a problem in X with
the new set of conductance {¢*(x,y)} in which, by the assumption, the constant
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1 is Af-harmonic. The solution in the new system then can be transferred back to
the original system. In particular, the classification of the network {X,#¢(z,y)}
by using the Laplacian A¢ follows the pattern described in Chap.3. Thus, the
problems connected with the g-harmonic classification of the original network
{X,t(x,y),q(x)} can be solved in the associated network {X,¢*(xz,y)}. This
is the Doob &-transform technique commonly used in the framework of Dirichlet
forms, Markov chains and axiomatic potential theory.

4.3 Subordinate Structures

Consider the Laplace operator A and the Schrodinger operator A, = A — ¢ defined
as Agqu(z) = Au(x) — g(z)u(x), where ¢(x) > 0 in an infinite network X.
Then, there are two families of superharmonic functions defined on X, one defined
with respect to A and the other with respect to A,. The knowledge of the relation
between these two classes of superharmonic functions is useful in solving some
classification problems in X . For example, suppose u > 0 is A-superharmonic on

X. Then,
a() > 310 ) > 5 _HEY)
= 2wy VT @) g Y

Y~ Y~z

so that u is (Ag-superharmonic or) g-superharmonic on X. In this section, we

compare two such families of superharmonic functions on X in a generalised way.
In a network X, we have defined that a function u is superharmonic on X if and

only if t(z)u(z) > > #(z,y)u(y) at every vertex x in X . Noting that ¢(z) > 0 at

y~T

t(z.y)
t(x)
Then, v is superharmonic on z if and only if u(z) > > p(x,y)u(y) at every vertex

y~xT

xin X. Let us say that {p(z, y)} defines a P-structure on X. Note 0 < p(z,y) < 1,
p(z,y) > 0ifand only if x ~ y, and p(z) = > p(x,y) = > p(x,y) = 1 for any
yF#w

Yy~
rin X.

Another system P’ of transition indices {p’(x,y)} is said to define a structure
P’ subordinate to P [8, p.297] if:

(2) 0 < p'(z,y) < p(x,y) for any pair z and y in X.
(b) p’(x,y) > 0if and only if & ~ y.
© p'(x,y) < p(z,y) for at least one pair x and y.

As an example, we consider an infinite tree with transition probabilities {p(z, y) }
Then the harmonic structure defined by the Schrodinger operator Aju(z) =
Au(z) — q(x)u(x), where g(x) > 0 but ¢(z) > 0 for at least one vertex z € X, is
subordinate to the harmonic structure defined by the Laplace operator A.

Let us denote by (X, P) the network with the basic P-structure. The operator
A is as usual defined by Au(z) = > p(z,y)[uly) — u(z)] = —ulz) +

Y~z

every vertex z, let us write p(z,y) = for any pair of vertices = and y in X.
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> pla,y)u(y). If P’ is a structure subordinate to P, then write A'u(z) = —u(z)+

Yy~
> p'(z,y)u(y). A function u(zx) defined on X is said to be P’-superharmonic

y~x
(respectively, P’-harmonic) at a vertex z if and only if A’'u(z) < 0 (respectively,
A'u(z) = 0). A function u is said to be P’-superharmonic on a subset E if and

only if u is defined on F and A'u(z) < 0 at every vertex z € % . A corresponding
definition is given for P’-harmonic functions on E. With these definitions, it is
immediate that the constant function 1 is a P’-superharmonic, but not P’-harmonic,
function on X. Hence, there exists a P’-potential v > 0 on X, that is v is a
positive P’-superharmonic on X whose greatest P’-harmonic minorant on X is 0
(see Property 5 below). Consequently, if a network (X, P) has a subordinate P’-
structure, then the potential theory associated with the P’-structure resembles that
of a hyperbolic network. For example, we can prove the following results as shown
earlier:

1. For any vertex e in X, there exists a unique P’ -potential G;(x) on X such that
(—=A)G, () = bc(x) for x € X, (Theorem 3.2.6).
2. G (x) < G (e) forall z in X, (Corollary 3.3.7).

3. If v is a P -potential on X, then for z in X, v(z) = 3. (-A (y)Gy (),
yeX
(Theorem 3.3.1).

4. If s(x) > 0 is a P'-superharmonic function and p(x) is a P’-potential with
P'-harmonic support E and if s(z) > p(z) for z € E, then s(z) > p(z) for
all z € X, (Theorem 3.3.6). In particular, if p(z) is a P’-potential with finite
P’-harmonic support A in X, then p(z) < r;leajcp(a) for all z in X.

5.If sis P/-superharmonic on a set F and t is P'-subharmonic on E such that
s > t on I, then there exists the greatest P’-harmonic minorant (g.Pl-h.m.) h
of s, such that s > h >t on F, (Theorem 2.4.10).

6. There always exists a (non-constant) positive P'-harmonic function on X ,
(Theorem 4.1.9).

Theorem 4.3.1. Let E be a subset of the network (X, P) and let P’ be a structure
subordinate to P. Then, every P-potential on I is a P -potential on E.

0
Proof. Letu > 0 be a P-potential on X. Then, for every y € F,

u(y) = Y p(y, 2)uz) = Y0 (. 2)u(z),

z~Yy z~Yy

/ . . . . O . /
Hence, u(x) is P -superharmonic at x = y. Since y is arbitrary on F, u is P -

, 0
superharmonic on E. Let h > 0 be the g.P -h.m. of w on E. Then, fory € F,

hy) =30 (. 2)h(z) < 3 ply, 2)h(z).

z~y zry
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Consequently, A > 0 is P-subharmonic on F. Since, v is a P-potential and the P-
subharmonic h < u, we conclude that 4 = 0. Hence, u is a P -potentialon E. O

Theorem 4.3.2. Let (X, P) be a network with positive P-potentials. Let P be a
structure subordinate to P. Then, for any vertex e, G, (x) < G.(x) for every x in X.

Proof. Since any positive P-superharmonic function on X is a Pl—superharmonic
function on X, G.(z) is a P -superharmonic function on X. Now, for any z € X

(~A")Ge(2) = Gelz) = T p (2,2)Ge(2)

Z Ge(z) - ; p(:C,Z)Ge(Z)

’ /

— (~A)Ge(x) = b.(x) = (~A)CL (a).

Hence, s(x) = [Ge(z) — G (x)] is a P'-superharmonic function. Since —s(z) <
G.(x) on X, it follows that —s < 0 on X. Hence, G.(x) > G_(x) for any z in X.
O

Lemma 4.3.3. Write p’ (y)=>_ p (y, z) for eachy in X. Then,

zy

S 19 ()G, () < Lforanyx € X.
yeX

Proof. s=1lisa P,—superharmonic function on X and

(—A")s(@) = s(x) = > p (w.y)s(y) = 1 = p (2).

y~x
Now, writing s as the unique sum of a positive Pl-potential and a non-negative
P -harmonic function h, we have for any z in X,

’

1= s@) = X (~A)s(y)G, () + hx)

yeX
= X [1-p WIG, (@) + h(z).
yeX
Since h is non-negative, > [1 —p (y)]G;}(x) <1foranyz € X. O

yeX

Theorem 4.3.4. For any network (X, P) with a subordinate structure P, the
following are equivalent.

1. Y1 —pl(y)]ny(:v) =1 for some x € X.
yeX

2.5 1 —p/(y)]G;}(m) = 1foreveryz € X.
yeX
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3. The constant function 1 is a P -potential on X.
4. The only bounded P -harmonic function on X is 0.

Proof. By using the above lemma, write 1 = u(z) 4+ h(z) where

u(@) =Y [1-p 1)G,(x)

yeX

is a P'-potential on X and h(z) is a non-negative P’-harmonic function on X .

1.= 2. If h(z) = 0 at a vertex z, then h = 0.

2. = 3.Since h = 0, 1 = u(x) is a P’ -potential on X.

3. = 4. Let b(z) be a bounded P'-harmonic function on X . Let |b(z)| < M. Since

M is a P'-potential and |b(z)| is a P’-subharmonic function, |b(x)| < 0. That is,

b=0.

4. = 1. Write 1 = u(z) + h(z) as above. Since 0 < h(z) < 1, the P'-harmonic
)-

function » = 0 by hypothesis. Hence, 1 = > [1 — p'(y)]G;(m O
yeX

Corollary 4.3.5. Suppose there is no positive P-potential on X. Let P be a
structure subordinate to P. Then, the constant function 1 is a P -potential on X.

Proof. Suppose h is a bounded P’ -harmonic function on X , |h| < M. Then, for
r € X,

|h(z)| = Ezp/(w,y)h(y)
< y;mp' (z,y) |h(y)]
< ; p(x,y) [h(y)|,

so that |h| is a bounded P-subharmonic function on X . Since, by assumption, there
is no positive P-potential on X, |h| = «, a constant. Since « is Pl—superharmonic
and |h| is P’-subharmonic on X, then |h| = a should be P’-harmonic. But 1 is
not P/—harmonic, so that & = 0 and hence A = 0. Then, by the above theorem, the
constant function 1 is a Pl—potential on X. O

Theorem 4.3.6. Let (X, P) be a network and let P’ be a structure subordinate
to P. Then, the constant 1 is a P/-potential if and only if any bounded P'-
superharmonic function u outside a finite set in X is of the form u = p; — po
outside a finite set where p1 and ps are bounded P -potentials on X.

Proof. Suppose 1 is a P/—potential on X. Following the method used in the proof
of Corollary 3.2.10, it can be seen that u = ¢; — g2 + v outside a finite set in
X where q1, g2 are P/—potentials with finite P’ -harmonic support and v is a P-
superharmonic function on X. Since u, q1, g2 are all bounded outside a finite set,
v is a bounded Pl—superharmonic function on X. Let |v| < M on X. Then, 0 <
v+ M < 2M on X. Since the P/—superharmonic function v + M is majorized by



4.3 Subordinate Structures 107

the P'-potential 2M, v + M is a P'-potential on X. Write u = (q; + v + M) —
(g2 + M) = p1 — p2 outside a finite set where p; = ¢1 + (v+ M) andpy = g2+ M
are bounded P/—potentials on X.

On the other hand, assume that 1 is nota P/—potential on X . Suppose the constant
function 1 which is P/—superharmonic function has a representation 1 = p; — pa
outside a finite set, where p1, po are bounded P/—potentials on X. Since 1 < p;
outside a finite set A and p; is bounded on A, there is a constant « such that 0 <
a < pi;on X. Since p; is a P/—potential on X, o and hence 1 should be a P-
potential on X, contradicting the assumption. 0O

Theorem 4.3.7. Let (X, P) be an infinite network and P’ be a structure subordi-
nate to P. Then the constant function 1 is a P -potential on X if and only if the
following Maximum Principle is valid in X: Let F' be any arbitrary proper subset
of X. Let u be an upper bounded Pl—subharmonicfunction on F such that u < 0
on OF. Then, w < 0 on F.

Proof. Suppose 1 is a P’-potential on X. Let u < 0 on dF. Let v = sup(u, 0) on
F extended by 0 outside F'. Then, v is a P’ -subharmonic function on X. Since u is
upper bounded, for some M > 0, v < M on X. Hence, v < 0 on X sothatv =0
which implies that w < 0 on F.

On the other hand, suppose 1 is not a Pl—potential on X. Then, there exists a
bounded P’-harmonic function / on X . Take a vertex e and let A = V(e) denote

the set consisting of e and all its neighbors. Let F' = X\ {e} . Then, 1(% = X\A and
OF = A\ {e}. Letu = h — R;* which is a bounded P'-harmonic function on F,
u = 0 on OF. Then, u should be the 0 function, if the Maximum Principle is valid,;
that is not the case. Thus, if the Maximum Principle is valid on X, then 1 has to be
aP -potential on X. a

We have defined the £ —harmonic measure of the point at infinity in Sect.4.2.
When ¢ = 1, we shall simply refer to it as the harmonic measure of the point at
infinity.

Theorem 4.3.8. Let (X, P) be an infinite network and P’ be a structure subordi-
’
nate to P. Then, there exists a bounded positive P -harmonic function on X if and
’
only if the P -harmonic measure of the point at infinity is positive.

Proof. Asin Sect. 4.2, let v be the P'-Dirichlet solution with boundary values 0 at e
and 1 at the point at infinity. Recall that v is P’ -subharmonic on X . If the harmonic
measure of the point at infinity is positive, then for some vertex z in X, v(z) > 0.
Then, as in Corollary 3.2.7, write v = p; — p2 + H outside a finite set in X, where
H is P'-harmonic on X and p1, P2 are Pl—potentials on X with finite P'-harmonic
support and hence bounded on X . That is, there exists a P’-harmonic function H in
X such that [v — H| < M outside a finite set A in X. Since v — H is bounded on
A also, we shall assume without loss of generality that [v — H| < M on X. Then,
v is majorized by the P/—superharmonic function H + M on X. Let & be the least
P’ -harmonic majorant of v on X. Since 0 < v < h < H 4+ M on X, we have
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0<h—-—v<(H+M)—v < 2M. Since v is bounded on X, h is bounded on
X; since h(z) > vgz) > 0, by the Minimum Principle, h > 0 on X. Thus, h is a
bounded positive P -harmonic function on X.

Conversely, suppose there exists a bounded positive P’ -harmonic function on X.
Then, by Theorem 4.3.4, the constant function 1 is not a P -potential. Hence there
exists a P'-harmonic function H on X such that 0 < H < 1 on X. Taking the
reduced function with respect to the subordinate structure P, if u(z) = H(z) —
R¢(x), then 0 < u < 1on X\ {e}, and u(e) = 0. Hence, if u,, is the P'-Dirichlet
solution on E,, with the values u,,(e) = 0 and u,(z) = 1if z € OE,, (see Sect.4.2),
then v < w,,. Consequently, by taking limits, v < h where h is the P’ -harmonic
measure of the point at infinity. Hence, the P’-harmonic measure of the point at
infinity is positive. d

Remark 4.3.1. In a network (X, P), let P' be a structure subordinate to P.
Then (X, P') is always a hyperbolic network. All such networks (X, P’) with
subordinate structures fall into two categories depending on whether the constant
lisa P/—potential on X or not. Equivalently, this classification can be carried out
depending on whether there exists or not a bounded positive P'-harmonic function
on X.



Chapter 5
Polyharmonic Functions on Trees

Abstract Biharmonic functions in the Euclidean space appear in the study of
bending of plates or beams, a C*- function u in a domain w is biharmonic if
A2y = 0 in w. Such functions can be considered in a network, but the operator
A? is unwieldy. Another way to define biharmonic functions is used here: start with
a harmonic function h and call u a biharmonic function generated by h if Au = h
on X. This requires solving the Poisson equation Ag = f when f is known. Unable
to solve this equation in a general infinite network X, the network is restricted to a
tree 1" in which every non-terminal vertex has at least two non-terminal neighbours.
Then, it is possible to define inductively an m-harmonic function (m > 2) w on T'
as a solution of the equation Au = v where v is an (m — 1)-harmonic function.
This chapter is about the potential theory associated with m-harmonic functions:
m-superharmonic functions, m-potentials, domination principle for m-potentials,
existence of m-harmonic Green functions, Riquier problem and the Riesz-Martin
representation for positive m-superharmonic functions.

In the classical potential theory associated with the bending of plates or beams, we
have an occasion to study biharmonic functions defined on an open set w in >
or 73, A C*-function u defined on w is said to be biharmonic on w if A%u =
A(Au) = 0 on w. More generally, a C?™_function u on a domain w in N, n > 2,
is said to be a polyharmonic function of order m if A™u = 0 on w. We shall
refer to it as an m-harmonic function on w. Many of the important properties of
polyharmonic functions of finite order in " are given in Nicolesco [56]. If u is
an m-harmonic function in R"(or more generally on a star domain D in ™ with
centre 0, thatis, if x € D and 0 < a < 1, then ax € D), then there are m harmonic
functions A1, ha, ..., hy, in B™ such that

w(z) = 2> b (@) + |27 hn—1(2) + .. + | 2] ho(x) + ha(z).

V. Anandam, Harmonic Functions and Potentials on Finite or Infinite Networks, 109
Lecture Notes of the Unione Matematica Italiana 12, DOI 10.1007/978-3-642-21399-1_5,
© Springer-Verlag Berlin Heidelberg 2011
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This basic representation, known as the Almansi representation, of u in R is
very useful in connecting the m-harmonic functions with harmonic functions. Thus,
in Nicolesco [57] we find Liouville-Picard-Hadamard theorem for m-harmonic
functions, Harnack-Montel theorems for families of m-harmonic functions, Gen-
eralised Green’s formula, Riquier problem (which seeks to find an m-harmonic
function v on a bounded domain w, when the functions u, Au, ..., A™ 1y are
known on the boundary Ow), m-harmonic Green functions of the first kind and
the second kind etc. Aronszjan et al. [11] study polyharmonic functions of infinite
order from the point of view of analytic functions.

Locally in R™(that is, in a sphere for example), the properties of harmonic or
biharmonic functions look the same whatever be the dimension n > 2. However,
the global properties of harmonic functions alter much between n = 2 and n > 3;
similarly for biharmonic functions between 2 < n < 4 and n > 5. Based
on this distinction, Sario et al. [60] develop a biharmonic classification theory
of Riemannian manifolds analogous to the harmonic classification of Riemann
surfaces. A primary concern is to check whether there is a biharmonic Green
function defined on a given Riemannian manifold M. In this context, they introduce
on a regular subregion of M, two biharmonic Green functions 3 and v with a
biharmonic fundamental singularity and with boundary conditions 5 = g—g = 0and
v = Ay = 0. Yamasaki [71] studies a discrete analogue to the biharmonic Green
function v and Kayano and Yamasaki [52] discuss an analogue to the biharmonic
Green function ( in an infinite network with symmetric conductance. Analogues
of these biharmonic Green functions are also considered on homogeneous trees in
Cohen et al. [38]. Another aspect of discrete polyharmonic functions appears in
Cohen et al. [36] where on a homogeneous tree (and hence a tree with positive
potentials) an integral representation (inspired by the Almansi representation in the
classical case) is given for u, A™u = 0; and a one-one correspondence between
polyharmonic functions and polymartingales is indicated.

In this context, we mention also an axiomatic study of biharmonic functions
on a locally compact space {2 carried out by Smyrnélis [61] and [62]. He starts
with a family H of coupled continuous functions (h1, ho) defined on open sets in
{2 where h; and hg are related in a manner (u, —Auw) is related to a biharmonic
function u in the Euclidean space ", n > 2. Then imposing certain conditions
for the local solvability of the Riquier problem (similar to the conditions for the
local solvability of the Dirichlet problem in the Brelot-Bauer axiomatic treatment of
harmonic functions on a locally compact space), Smyrnélis studies the properties
of H-harmonic and H-potential couples on the lines of the axiomatic study of
harmonic functions and potentials carried out by Bauer [17]. We mention also
another interesting paper [25] which deals with a global study of polyharmonic
functions in an axiomatic study.

In this chapter, we study the discrete version of m-harmonic functions on trees.
In the classical case, we say that u is m-harmonic if A™u = 0 or inductively
defining, u is m-harmonic if there exists an (m — 1)-harmonic function v such
that Au = v. However, the operator A™ in the discrete case is unwieldy. So we
reverse the order of appearance of w and v in the above definition of m-harmonic
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functions. For example, we say that a harmonic function h on a tree generates a
biharmonic function b if Ab = h. This development requires a harmonic extension
theorem which we are able to prove only on trees 7' and not on networks that
may contain cycles. Once this harmonic extension theorem is established, it is
easy to prove that the Poisson equation Au = f can be solved for u, given an
arbitrary real-valued function f. Consequently, any real-valued function on 7T’ is the
difference of two suprharmonic functions on 7'. Then we can introduce, on functions
on trees, the notions like m-superharmonic functions, m-potentials, balayage for
positive m-superharmonic functions, m-harmonic Green functions etc. and study
their properties.

5.1 Polyharmonic Functions on Infinite Trees

Let f be a real-valued function on a network. To find a solution u for the equation
Au = f (known as the Poisson equation) is a basic requirement for the way the
theory of polyharmonic functions is developed in this chapter. However, we know
that (Theorem 2.2.6) in a finite network X with symmetric conductance, Au = f

has a solution if and only if > f(x) = 0. This indicates that certain conditions
zeX
on the network and on the generating function f are needed to solve the equation

Au = f. Here we restrict our study of polyharmonic functions to a specific class of
infinite trees, possibly with non-symmetric conductance.

In a network X, recall that a closed path {x1, z3, ..., x, } where 21, 22, ..., Tp—1
are distinct vertices and 1 = x,,n > 3, is called a cycle. A tree T is an infinite
network, connected, locally finite without any self-loop or cycles. A vertex e in T'
is terminal if it has only one neighbour in 7'. Since T is infinite, a non-terminal
vertex in 7' has to have at least one non-terminal vertex as its neighbour. We
assume in this chapter that every non-terminal vertex has at least two non-terminal
neighbours. Star-shaped trees with a central vertex, homogeneous trees and more
generally trees without terminal vertices are examples of infinite trees which satisfy
this assumption. Remark that if ¢(x, y) is the conductance in T, then we can set
p(z,y) = %%2 for every pair of vertices = and y. Consequently, let us denote the
conductance on T by p(z,y) > 0 for which p(z,y) > 0 if and only if 2 ~ y, and
> p(x,y) = 1 for every vertex x. It is possible that p(z,y) # p(y, z). For any

y~a
real-valued function © on T°, we write

Auf) =Y plz,y)luly) —u(@)] = | Y plz,y)uly)| —ul).

Yy~ Yy~
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As earlier, if u is a real-valued function defined on a subset E of T, then u is said
to be superharmonic (respectively, harmonic or subharmonic) on E if Au(x) < 0

0
(respectively, Au(x) = 0 or Au(xz) > 0) foreveryx € E.

Lemma 5.1.1. Let E be a connected set inT and F' = V(E). Then, any z € OF
has only one neighbour in F.

Proof. Let z € OF. Then, z has a neighbour o € E. Suppose y € F, y # xo,
andy ~ z.If y € E, then there exists a path {z¢, 21, ...,z, = y} in E, since E
is connected. Then, {z, zg, 21, ...,y, 2} is a cycle in T, not possible. On the other
hand, if y € F\ F, then y has a neighbour a in E. If a = x¢, then {y,a = xo, 2z, y}
is a cycle, not possible; if @ # x¢, then there is a path {a, y1, y2, ..., o } connecting
a and g in E, so that {y, a, y1, ..., To, 2, y } is a cycle, not possible. Thus, there is no
y € F such that y # xg and y ~ z. That is, x¢ is the only neighbour of z in F'. O

Theorem 5.1.2. Let E be an arbitrary connected subset of T and F = V(E).
Suppose u is a superharmonic function defined on F. Then, there exists a superhar-

0
monic function v on T such that v = u on F and Av(xz) = 0 for eachx € T\ F .

Proof. Let z € OF. By the above Lemma 5.1.1, z has only one neighbour xg in F.
Note that z is not a terminal vertex; for, z has a neighbour in F, which by the above-

0
mentioned uniqueness should be xq. If z were a terminal vertex, then xo € ¥ C F

being the only neighbour of z, by definition z should be in }%, a contradiction. Since,
by the assumption on 7, the non-terminal vertex z should have at least two non-
terminal vertices as neighbours, z should have at least one non-terminal vertex as a
neighbour outside F'. Let A = {y1, ya, ..., Y. } be the neighbours of z outside F'. Let
A; denote the set of terminal vertices in A and let Ay = A\ A;. Then, Ay # ¢.

We shall extend the given function u from F' to a set that includes A. Define
v(x) = u(x) if x € F;ify € Ay, then take v(y) = u(z); if y € A,, then take
v(y) = A, a constant. Choose the constant A such that Av(z) = 0; that is,

o(2) = u(z) = p(z, wo)u(wo) +u(z) 3 ple,y) + 4 3 plzy).

yeEAL yEAs

This procedure can be used with respect to each one of the vertices on JF' to get an
extension of w from F' to a function v on the set V' (F') such that Av = 0 at each
one of the vertices on JF. Thus v is a function defined on V(F) D F such that
v = uwon F and Av(xz) = 0 for each x € OF. Then, v is similarly extended to
V[V(F)]. Since T is connected, eventually v is defined at any vertex « in T" such

0
that Av(x) =0Oateachz € T\ Fandv =wuon F. O

Remark 5.1.1. In the proof of the above Theorem 5.1.2, the assumption that u
is superharmonic on F' is useful only to conclude that v is superharmonic on 7.
Consequently, a slightly more general form of the statement of the theorem is: Let
E be an arbitrary connected subset of T and F' = V (E). Suppose u is a real-valued
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function defined on F. Then there exists a function v on T such thatv = u on F' and
0
Av(x) =0 foreachz € T\ F.

Corollary 5.1.3. Let E be an arbitrary connected subset of T and F = V (E).
Suppose u is a harmonic function defined on F. Then, there exists a harmonic
function v on T such that v = u on F.

Remark 5.1.2. 1. Measuring distances from a fixed vertex e and taking F' =
{z: |z| < n}, Bajunaid et al. [15, Proposition 4.2] prove the above harmonic
extension in a tree 1", ignoring the Laplacian at the terminal vertices in T'. Note

that if £ = }?‘, then E is connected and F' = V (E).

2. Using the above theorem, it is easy to show that there are superharmonic
functions with point harmonic support on 7' (Theorems 3.2.6 and 3.4.5): Let e be
a fixed vertex and ' = V' (e). Let u be the function on F' such that u(e) = 1 and
u(z) = 0if v € F'\ {e}. Then, proceeding as in the proof of the above theorem,
we construct a function v on 7" such that v = w on F' and Av(z) = 0 for each
x € T\ {e} . Consequently,

Mv(e) = 3 ple, ) o(e) - v(e)] = —v(e) = 1,

xrrve

that is v is superharmonic on 7" with harmonic support at e and Av(z) = —J.(z)
foreachz inT.

3. If the assumption that each non-terminal vertex has at least two non-terminal
vertices is not verified, the above theorem may not be valid. Consider, for
example, the following situation: Let 7' = {a, b, x1, x2, ...} be an arrow-shaped
infinite tree such that z; ~ x;,1 for¢ > 1, a and b are terminal vertices, a ~ x

and b ~ x1. Let p(x1,a) = % = p(z1,b) and p(z;, ¢iv1) = p(ziy1, ;) = %

for i > 1. Let E = {x2,x3} which is connected. Then, F' = V(E) =
0

{x1, 2, x3, x4} which is connected and circled and FF = FE. Let u(zy) = k

for 1 < k < 4. Then, v is harmonic on F'.

Suppose there exists a harmonic function v on 7" such that v = u on F'. Then,
v(a) = 1 = v(b) since Av(a) = 0 = Awv(b) and a, b are terminal vertices. But
then, v cannot be harmonic at x; since

Av(ar) = Glo(a) — ()] + 3 [o0) — v(@)] + 3ols) —v@)] = 5.

| =

That is, there is no harmonic extension for « to the whole of T". Note that the non-
terminal vertex x; has only one non-terminal vertex, namely x, as its neighbour.
4. Again, the above theorem may not be valid in a general network with cycles.
For example, consider the network X consisting of two infinite branches
{a,z1,22,...} and {a, y1, y2, ...} with a as the only common vertex, each vertex
except xo and yo having only two neighbours, and x5 ~ yo so that each of the
vertices xo and y» has 3 neighbours. Suppose the conductance on each edge is %
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Take £ = X\ {a,z1,y1} along with all the edges connecting the vertices in
E. Then E is a connected subset of X, OF = {z2,y2}, and F' = V(E) =
X\ {a} . Let u be the function defined on F' such that u(xy) = 3 + 2k, u(yx) =
7T+ k, fork > 2, u(x;) = 3 and u(y;) = 10. Then, Au(xz) = 0 for each

0
x € E = F. Hence, u is harmonic on F'. However, it is not possible to find a
harmonic function v on X such that v = u on F'. For, suppose such a function v
exists on X . Then,

0= Au(1) = 5 [o(wz) — v(@)] + 5 [o(a) — vlan)]
= % 73]+ % [v(a) — 3], sothatv(a) = —1. Again,
0= 20lyn) = 3 [olan) — vlyn)] + 5 [o(a) — vlon)]
1

1
=5 [9—10] + 3 [-1 — 10] = —6, not valid.
Hence, the harmonic extension of u from F' to a harmonic function v in X is not
possible.

Theorem 5.1.4. Let f be a non-negative function on T. Then, there exists a
superharmonic function s on T such that As(x) = — f(x), for each x in T.

Proof. For any given vertex e in T, let g.(x) denote a superharmonic function on T’
such that Ag.(x) = —d.(z) foreach X in T
First, suppose that f has finite support, that is f = 0 outside a finite set A. Then,
s(z) = > f(a)qa(z) is a superharmonic function on 7" such that As(z) = — f(x)
acA

for x € T. Suppose now that f > 0 is arbitrary. Let F; be a finite connected
subset of T'. Let E,,11 = V(FE,) for n > 1. Then each E,, is a finite connected

circled subset of T, such that FE,, C E,, 1. Since T is connected, we also find that
T = |J E,. Let fj be the restriction of f on E; and f,, be the restriction of f on

n>1
E,11\E, forn > 1. Let u,(z),n > 0, be a superharmonic function on 7" such that
Auyp(x) = —fo(z) for x € T. When n > 2, since u,, is harmonic at each vertex

in E,,, by the above Corollary 5.1.3, we can find a harmonic function v,, on 7" such
that v,, = u,, on E,,.

Let s(x) = ug(z)4ui (x)+ > [un(z)—v, (x)]. This is a superharmonic function
n>2
on 7. For, if K is any finite set in 7', then there exists some m such that K C E,,

for n > m. Consequently, for any vertex a € K, the infinite sum corresponding to
s(a) contains only a finite number of non-zero terms. Thus, s(x) is finite at every
vertex x € T, so that s defines a superharmonic function on 7. Further, As(x) =
Aug(z) + Aua (7) + 32,55 Alun(x) — vn(2)] = —f(2). O
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Remark 5.1.3. 1. To prove the existence of a solution s for the Poisson equation
As = — f in the above theorem, we have used the harmonic extension Theorem
5.1.2 which requires the assumption that in 7" every non-terminal vertex has at
least two non-terminal vertices as neighbours. However, this assumption is not
a necessary condition for the existence of a solution s. For example, consider
the arrow-shaped infinite tree T = {a, b, zo, 21, ...} with @ and b as terminal
vertices, a ~ xo,b ~ xo. If n > 1, then each x,, has two neighbours z,,_; and
ZTn+1. But among the three neighbours of xg, only z; is non-terminal. Thus, T’
does not satisfy the stated assumption with respect to xg.

Let p(a,z0) = 1 = p(b,x0), p(xo,a) = }I = p(xo,b), p(xo, 1) = %and
P(@n, Tny1) = p(an, tn_1) = § forn > 1.

Let f > 0 be any real-valued function on 7. For any constant ¢, set u(zo) = ¢,
u(a) = e+ f(a), u(d) = ¢+ f(b), u(er) = ¢ — L[f(a) + f(b)] — 2f(z0) and
w(Tnt1) = 2u(zy) — w(xn—1) — 2f(xy,) for n > 1. Then, Au(z) = — f(x) for
anyx € T.

2. Any real-valued function g on 7' is a d-superharmonic function (that is, g is
a difference of two superharmonic functions) on 7. For, write Ag = f. By
Theorem 5.1.4, there exist subharmonic functions u; and us on T such that
Au; = ft and Aus = f~. Write u = u; — us so that Au = f = Ag.
Since A(g — u) = 0, we have g = u + h where h is a harmonic function on 7T'.
Hence g = —ug — [—(u1 + h)] is a difference of two superharmonic functions
onT.

Theorem 5.1.5. Let F be any subset of T and f > 0 be defined on F. Then, there
exists a superharmonic function s on T such that As(x) = — f(x) for each x in F.

Proof. Extend f as a non-negative function g on T, by taking ¢ = 0 outside F.
Then, by the above theorem, there exists a superharmonic function s on 7" such that
As = —gonT. Inparticular, As(z) = — f(x) ifz € F. O

Consequently, for any real-valued function f on a subset F' in T, there exists a
d-superharmonic function v on 7" such that Au(z) = — f(x) foreach « € F. By the
same procedure, we can find a §-superharmonic function v on 7" such that Av = —u
on F', which can be written as (fA)Qv = f on F. Continuing thus, for any m > 1,
we can find a §-superharmonic function s on 7" such that (—A)™s(x) = f(x) for
eachzx € F.

Definition 5.1.1. Let (s;)m»>i>1 be a set of m real-valued functions on a set F' in

T such that (—A)s; = s;—1 on }g form > i > 2. Then, s = (8;)m>i>1 is said to
be an m-superharmonic (respectively, m-harmonic, m-subharmonic) function on ¥
if and only if s; is superharmonic (respectively harmonic, subharmonic) on F. We
say that the m-superharmonic (respectively m-harmonic, m-subharmonic) function
s = (8;)m>i>1 is generated by s1.

Notation. 1. If s = (8;)m>i>1 and t = (t;)m>i>1, then we write s +t = (s; +
ti)m>i>1, &8 = (S;)m>i>1 and say that s > t if and only if s; > ¢; for each i, in
particular s > 0 if and only if s; > 0 foreach i, m >4 > 1.
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2. For k > m, an m-harmonic function h = (R, ..., h1) can be identified as a
k-harmonic function b = (hy, ..., h1,0,0, ...,0) by adding (k — m) zeros.

Theorem 5.1.6. Let E be a connected subset of T and F = V(E). Let
h = (hi)m>i>1 be an m-harmonic function defined on F. Then, there exists an
m-harmonic function H = (H;)m>i>1 on T such that H;(x) = h;(z) forx € F
andm > 1> 1.

Proof. Note that h; is harmonic on F'. Hence by Corollary 5.1.3, there exists a
harmonic function Hy on 7T such that H; = hy on F. Let (—A)u = Hy on T.

Write t(x) = u(xz) — ha(x), if 2 € F. Then, fory € l?‘,
(=4)i(y) = (=A)uly) = (=A)ha(y) = Hi(y) — I (y) = 0.

Hence, ¢(x) is harmonic on F'. Then, we can find a harmonic function v on 7" such
that v(z) = t(x ) on F. Write Ha(z) = wu(z) — v(z), for each = in T. Then,
(=A)Hz(xz) = Hy(z) for each x € T and Ha(x) = ho(x) for each zz € F.
Proceeding thus, we construct an m-harmonic function H = (H;),,>i>1 on T such
that H;(x) = h;(x) forx € Fandm > i > 1. m]

In the complex plane, if f(z ) is analyticin r < |z| < R, then it has the Laurent

series representation f(z) = Z anz™. Here f1(z) = Z anz™ is analytic on

“+o00
|z| > r with a removable singularity at the point at infinity and f2(2) = > a, 2"
0

analytic in |z| < R, such that f(z) = f1(z) + f2(z) on r < |z| < R. This Laurent
decomposition is a very useful representation while studying the singularities of
analytic functions. Similar representations for harmonic functions in ™, n > 2, are
also well-known (for example, [13]).

Let k be a compact set contained in an open set w in &, n > 2. Let h be a
harmonic function on w\k. Then, & can be written in the form h = s + ¢ on w\k,
where s is harmonic on 32"\ k and ¢ is harmonic on w. Moreover, this representation
is unique if we impose the following restrictions:

1. If n > 3, lim s(z) = 0.
2. If n =2, lim [s(z) — alog |z|] = 0 for some constant c.
r—00
The following theorems give the Laurent decomposition for harmonic and polyhar-

monic functions on 7.

Theorem 5.1.7. (Laurent decomposition for harmonic functions) Let T be an
infinite tree in which every non-terminal vertex has at least two non-terminal
neighbours. Let E be a finite connected subset of T and F' = V(E). Let A be a

0
non-empty subset in E. Suppose u is a harmonic function on F\ A. Then, there
0
exist a harmonic function s on T\ A and a harmonic function t on F such that

0
u=s+tonF\ A.Moreover,
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i. If there are positive potentials on T, then s and t are uniquely determined if we
impose the restriction |s| < p outside a finite set, where p is a positive potential
onT.

ii. If there are no positive potentials on T, then s and t are uniquely determined up
to an additive constant, if we impose the restriction that for some «, [s — aH] is
bounded outside a finite set where H (x) is the analogue of log |x| in T (namely,
H > 0on T, unbounded, AH(x) = .(x) where e is a fixed vertex and H > 0
outside a finite set inT).

Proof. Extend w arbitrarily on ,(21 as a real-valued function. Then, by the Remark

following Theorem 5.1.2, there exists a function v on T\ 21 such that v = wu on

F\ 21 and Av(x) = 0 at every vertex x in the interior of 7"\ 21 .

1. Suppose there are positive potentials on 7'. Then, there exist potentials p;, p2 on
T and a harmonic function f on 7" such that v = f + p; — p2 outside a finite

0

set in T' (Corollary 3.2.7). Write s = v — f on T\ A and ¢t = f on F. Then,

|s| < p1 + p2 = p outside a finite set, ¢ is harmonic on F'and u = v = s + ¢ on
0 ’ ’

F\ A. As for the uniqueness of decomposition, suppose © = s + ¢ is another

such representation with ’s,’ < p/ outside a finite set, where p/ is a potential on

T Then, the function & defined on 7' such that h = s —s on T'\ 21 andh =t —t
on F'is a well-defined harmonic functlon such that |h\ < p+p outside a finite
set. Hence h = 0. This proves that s = s andt=t.

ii. Suppose there are no positive potentials on 7', that is 7" is a parabolic tree. Then,
by Proposition 3.4.7, v = f + aH + b outside a finite set, where f is harmonic

0
on T and b is bounded harmonic outside a finite set. Let s = v — f on T'\ A and
t = f on F. Then, [s — «H] is bounded outside a finite set and u = v = s + ¢

0 b 0
on F'\ A. As for the uniqueness, suppose v = s + ¢ on F'\ A is another such
representation, with [s — o H| being bounded outside a finite set. Then, the

’ O ’
function h defined on T'such thath = s —s onT\ Aandh =t —ton Fisa

well-defined harmonic function on 7" such that |h — (& — o' )H| < |s — aH| +

s — O/H‘ is bounded outside a finite set. This is possible only if av — o =0,

since H is an unbounded non-negative function and since a harmonic function
on a parabolic tree is constant if it is bounded on one side. Consequently, the
harmonic function /& on the parabolic tree is bounded and hence a constant. [

Theorem 5.1.8. (Laurent decomposition for m-harmonic functions) Let T' be an
infinite tree as in Theorem 5.1.7. Let E be a finite connected set of T and F = V (E).
Let A be a non-empty subset of E. Suppose w = (U;)m>i>1 IS an m-harmonic

0 0
function on F\ A. Then, there exist an m-harmonic function s on T\ A and an

0
m-harmonic function t on F such that u = s+t on F\ A. This representation can
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be chosen to be unique up to an additive (m — 1)-harmonic function on T if T has
positive potentials, otherwise, the representation is unique up to an m-harmonic
function generated by a constant.

Proof. Since w; is harmonic on F"\ 1(4)1, there exist a harmonic function s; on 7"\ ;1
and a harmonic function ¢; on F' such that u1 = s1 + t; on F'\ /01. Choose two
functions f; and g; on T such that (—A)f; = s; on T\El and (—A)g; = t4
on F. Then, (= A)uz(z) = u(x) = (—A)f1(x) + (—A)gi(z) on F\ 4, so that
us(x) = f1(x)+g1(x)+hy(z), where hy is harmonic on F'\ 191 . Then, by the above
Theorem 5.1.7, there exist f2 harmonic on 7'\ ,(4)1 and go harmonic on F' such that
hi = fo+gson F\gl . Write s5 = f1 + fo and t2 = g1 + g2. Then, (—A)sy = 51

0 0
onT\ A, (—A)ta =t10n F,and ug = so +toon F\ A.
Proceeding in a similar manner, we construct s = (8;)m>i>1 which is m-

0
harmonic on T\ A and ¢t = (%;)m>;>1 which is m-harmonic on F, such that

u=s+tonF\ 21 . As for the uniqueness, recall that as in the above Theorem 5.1.7,
sjand t; can be uniquely determined, if 7" has positive potentials; otherwise, s1, t;
are unique up to an additive constant. Consequently, if u = s +t is another such
representation, then the function v = (v;)y,>;>1 defined on T" such that v = s — s

on T\ 21 and v =t — t on F is a well-defined function on 7" such that v; = 0, if T'
has positive potentials and v; is a constant if 7" has no positive potentials. Hence, v is
(m — 1)-harmonic on T', if T has positive potentials; otherwise, v is an m-harmonic
function on 7" generated by a constant. O

Theorem 5.1.9. Let T be an infinite tree as in Theorem 5.1.7. Let s be an
me-superharmonic function on a subset A in T and let t be an m-subharmonic
Sfunction on A such that t < s on A. Then, there exists an m-harmonic function
h on A such thatt < h < s on A, with the additional property that if h® is any
m-harmonic function on A such that h® < s on A, then h® < h on A.

Proof. Let s = (8i)m>i>1 and t = (t;)m>i>1. Let $ be the family of subharmonic
functions u on A such that t; < u < s;. Let hy(z) = supu(zx). Then, hq is

UES
harmonic on A and it is the greatest harmonic minorant of s; on A. Let f be the

function defined on 7" such that f = hy on A extended by 0 outside A. Then, there
exists a d-superharmonic function g on T such that (—A)g = f. Let Ha be the

0
restriction of g on the subset A. Then, (—A)Hs = hq on A. Similarly, choose f3
0 0
and g on A such that (—A)fo = s; — hyon 4 and (—A)ge = t1 — hy on A.
Note that fo is superharmonic on A and ¢ is subharmonic on A. Moreover,
0
(=AQ)sg =51 = (—A)fo+(—A)Hyon Aand (— Aty =t1 = (—A)ga+(—A)Ho
0
on A. Consequently, ss = fy + Ho+ (a harmonic function) on A. Write sy =
fo + H2 where f, is superharmonic on A. Similarly, write to = g, + H2 where g,
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is subharmonic on A. Since so > to by hypothesis, we have fé > g;. Let i’ be the
greatest harmonic minorant of f, on A. Let ho = h + Hs. Then, (—A)hs = hy on

0
A and sg > hg > t9on A.
Suppose hs is another function on A such that so > hy on A and (—A)hy = hy

on 21 Then, hy, = ho+ (a harmonic function v on A) = (h' + Hy) + v. Since
89 > h'2 on A, we should have fé > h' +von A. Since b’ is the g.h.m. of fé on A,
we have v < 0 on A. Hence, h; < hs.

A similar procedure yields an m-harmonic function h = (h;)m>;>1 on A such
that s > h > t on A. This function has the additional property that if h® is any
m-harmonic function on A such that s > h® >t on A, then h > h°. O

Recall that in this chapter, 7" stands for an infinite tree in which each non-terminal
vertex has at least two non-terminal neighbours.

Definition 5.1.2. Let s be an m-superharmonic function defined on a subset A in 7.
Suppose there exists an m-subharmonic function ¢ on A such that s > ¢t on A. Then
the m-harmonic function h constructed as in the above Theorem 5.1.9 such that
s > h > ton A is called the greatest m-harmonic minorant (g.m-h.m.) of s in A.

Theorem 5.1.10. Let 0 < s = (8;)m>i>1 be an m-superharmonic function on T,
m > 2. Let uq be a superharmonic function on T’ such that 0 < w1 < si1. Then there
exists an m-superharmonic function w = (u;)m>i>1 on T such that for 2 < i < m,
each u; is a potential and u; < s; onT.

Proof. When m > 2, the existence of an m-superharmonic function s > 0 on T’
implies that there are positive potentials on T'. Let (—A)v; = wuy and (—A)vy =
s1 — uy. Then vy and vy are superharmonic and (—A)(vy + v2) = $1 = (—A)sa,
so that so = vy + v + ha, where hs is a harmonic function on T'. Since s3 > 0, vq
majorizes the subharmonic function —(vo+hs) so that v is the sum of a potential uy
and a harmonic function. Consequently, (—A)us = (—A)v; = u;. Note that since
u1 > 0, v1 cannot be harmonic and hence us > 0 on7T". Write so = (a potential ps) +
(a non-negative harmonic function), so that po = us-+ (a superharmonic function q)
on 7. Since us is a potential and ug > —q, we should have —q < 0. Hence us <
p2 < so2. Repeated use of this procedure yields the announced result. a

Theorem 5.1.11. (Minimum Principle for m-superharmonic functions) Let E be
a finite set in T. Let s = (Si)m2i21 be an m-superharmonic function on E and
h = (hi)m>i>1 be an m-subharmonic function on E such that s > h on OE. Then
s>honkE.

Proof. Since s; is superharmonic on E and h; is subharmonic on E such that s; >
h1 on OF by hypothesis, s; > h; on E (Corollary 1.4.3). Write vy = s — ho

0
on E. Then, on F, (—A)vy = (—=A)sy — (—A)ha = s1 — hy > 0. Hence, v is
superharmonic on £ and by assumption v2 > 0 on 0FE. Hence v2 > 0 on F, that
is so > ho on E. By recurrence, s; > h; on E foralli, 1 < i < m;thatis, s > h
on F. O
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Corollary 5.1.12. Let h = (h;)m>i>1 be an m-harmonic function defined on a
finite set EinT. If h = 0 on OF, then h = 0.

Riquier Problem. Let D be a bounded domain in the Euclidean space ", n > 2.
Suppose f1, fo, ..., fm are m finite continuous functions on the boundary 9D. Then

the Riquier problem is to determine a function u on D such that u is a polyharmonic
function of order m on D and  lim  (—A)*!u(z) — f;(2), for every z on dD,

r—z,x€D
1 <1< m, (fA)O = 1. This boundary value problem has a unique solution [57,
p.28] if D is a Dirichlet domain, that is the Dirichlet problem for finite continuous
boundary values is solvable in D. We solve now a discrete analogue of this problem.

Theorem 5.1.13. Let F be a finite subset of T', and E C }(«2‘. For1l <i<m,let f;
be a bounded function on F\E. Then there exist m uniquely determined functions
hi on F such that h; = f; on F\E and h = (h;)m>i>1 is an m-harmonic function
at each vertex of .

Proof. By Theorem 3.1.7, there exists a bounded function hy on F' such that h; =
f1on F\E and h; is harmonic at each vertex of E. Choose a function s on 7" such
that (—A)s = hy on F' (Theorem 5.1.5). Again by Theorem 3.1.7, there exists a
bounded function g on F' such that g = fo — s on F'\ E and Ag = 0 at each vertex
in E. Take now he = s+ gon F. Then hy = fo on F\E and (—A)hy = hy at each
vertex on F.

Repeated applications of this method produce a function b = (h;)m>i>1 on F'
such that h; = f; on F\E and (—A)h;(z) = h;_1(x) for each vertex « € E, for
2 < j < m.Since (—A)h1(z) = 0if z € E, we conclude that & is an m-harmonic
function at each vertex of E.

As for the uniqueness of h, suppose u = (u;)m>i>1 is another solution defined
on F such that u; = f; on F\F and u is m-harmonic at each vertex of E. Let
u—h =v = (V;)m>i>1- Then (—A)v; = 0 at each vertex of £ and v; = 0 on
F\E. Hence by the maximum principle (Property 7 of superharmonic functions,
Sect.3.1), v; = 0. Consequently, v, is harmonic at each vertex of £ and v3 = 0 on
F\E and hence vo = 0. Proceeding thus, we prove that v = 0. ad

Limit of a sequence of m-superharmonic functions. We have used the fact that if
a sequence of superharmonic functions on a network converges to a finite limit
at each vertex of 7', then the limit also is superharmonic. A similar result for
m-superharmonic functions is given in the following theorem. It is a discrete
analogue of a result concerning the limit of a sequence of polyharmonic functions
on a Dirichlet domain [57, p.25], similar to an earlier result due to Montel for a
sequence of harmonic functions.

Theorem 5.1.14. Let v" = (v}')>i>1 be a sequence of m-superharmonic
(respectively m-harmonic) functions on T. Suppose vl (x) converges to a finite
limit vy, (x) as n — oo for every x in T. Then the sequence {v"} converges to
an m-superharmonic (respectively m-harmonic) function v = (V;)m>i>1 on T.
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Proof.
(=A)vp(x) = vn (@) = 2 plz,y)vn(y)
— vy () — ; p(x,y)vm(y) as n — oo
= (=A)vy(x).

n
3

Since v" = (v v, = Up,_q so that we have
proved that v),_,(z) converges to a finite limit (—A)v,, (). Write v,,_1(z) =
v (2) = (~ A (@),

Proceeding similarly, we show that v[*(x) converges to (—A)v;+1(z) = vi(x)
for 1 <i < m — 1. Now, for every n, v] is superharmonic (respectively harmonic)

)m>i>1 is m-superharmonic, (—A)v

on 7. Hence, v; = lim o] is superharmonic (respectively harmonic) on 7'
n—0oo

Consequently, v = (v;)m>;>1 18 an m-superharmonic (respectively m-harmonic)

function on 7" such that v" — v. O

5.2 Polyharmonic Functions with Point Singularity

Remark 2 following Corollary 5.1.3 states that for any y in 7', there exists a
superharmonic function ¢; on 7" such that ¢; is harmonic at each vertex in T’
except at y. Let ¢ = (g;)m>i>1 be an m-superharmonic function generated
by ¢ on T. Then, ¢ is an m-superharmonic function on 7' such that ¢ is
m-harmonic at each vertex of T except at y. This function ¢ is not always
positive on 7. For example, in the Euclidean space R*, if we take qi(z) =

|z| 72, then ¢(z) = (h(a:) — 1 log|z|, |x|_2> is 2-superharmonic generated by
q1, where h(x) is harmonic on R*. However, there is no harmonic function h
on R* to make h(z) — 1log|z| > 0. For, h(z) > 3log|z| implies that h is
positive on R* and hence a constant. But in %7, if we take ¢1(x) = |z|>, then
-1
a@) = (41a7",
Actually, positive 2-superharmonic functions with point biharmonic singularity can
be determined on R" only if n > 5. In this section, we take up the problem of
finding sufficient conditions for 7" to possess positive m-superharmonic functions.
A polyharmonic function v > 0 of order m defined on an open set D in R",

n > 2, is said to be completely superharmonic if (—A)ku >0forl<k<m.IfD
is a star domain with centre 0 and if

|x|_3> is a positive 2-superharmonic function generated by gq; .

w(@) = |22 b (@) + 2P 1 (@) + ... + | @) ho(2) + ha(2)

is the Almansi representation of a completely superharmonic function u of order m
on D, then the harmonic functions A, , humm—1, ..., ha, h1 are alternatively positive
and negative in D [57, p.17].
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Let now s > 0 be a completely superharmonic function of order m in a domain
D in R™,n > 2. Let us write s = (Si)m2i21 as in the previous section, so that
every s; is positive superharmonic and s; is positive harmonic. Take u; = (Rfl )D
where F is a non-polar compact set contained in D (that is, u; is the balayée of s;
in D, Brelot [27, p.34]). Then w1 > 0 is superharmonic and ©; < s7 in D and as in
Theorem 5.1.10, there exists a positive m-superharmonic function u = (t;)m>i>1
on D such that each u; is a potential and u; < s; for 1 < ¢ < m. Now w is a very
special type of m-superharmonic function in which each component is a positive
potential. This shows that for the existence of positive completely superharmonic
functions of order m in a domain D in R, there should be some relation between
m and n.

In fact, there are no positive completely superharmonic function of order m > 1
on the whole of ™. For in ", n > 3, if 4 > 0 is a Radon measure such

that [ Wdu(y) is finite at some x (for example, x = 0), then p(x) =
yeR™
Wd,u(y) is a positive potential on R™. Actually for p(z) to be a
yERN
potential, it is necessary and sufficient that | ld’(,% < oo. As a consequence,

ly[>1
there cannot be any positive superharmonic function s on R, n > 2, such that
(—A)s = 1. For, when n = 2, any positive superharmonic function s on %2 is
a constant and hence (—A)s = 0; when n > 3, if s is a positive superharmonic
function, then s is the sum of a potential p and a non-negative harmonic function h.
Since (—A)s = 1 by assumption, we find (—A)p = 1. Now if (—A)p(y)dy =
du(y), then [27, pAT] p(z) = ¢ [ % for a suitable constant ¢, > 0, so

yeRn |z—y|™
that [ ‘Z“‘,Sﬁé should be finite. This means that [ —(Tﬁ)f(zy) dy is finite. Since
ly|>1 ly[>1
(—A)p =1, we should find [ ‘—ldn% finite. However,
yi>1
dy Ji 1 n—1
/ W = // rn_zr drdo,
ly|>1 1 S

where do is the surface area on the unit sphere .S. This leads to a contradiction
[oe]

that [ rdr is finite. Hence, for a positive superharmonic function s on R, n > 2,
1
(—=A)s = 11is not possible.

Suppose now u = (u;)m>i>1 is a positive completely superharmonic function
of order m > 1 on R™. Then u; > 0 is harmonic on K", so that u; is a positive
constant ¢. Then, (—A)us = ¢ implies that us is superharmonic on R™ and by
assumption ug > 0. Thus there exists a positive superharmonic function uy such
that (—A)us = ¢. We have just seen that this is not possible. Consequently, there
cannot be any positive completely superharmonic function of order m > 1 on ™.
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But positive m-superharmonic functions exist on R" if n > 2m + 1. For example,
if wp(z) = |2)°™", then u,, together with its derivatives (—A)%u,, defines a
positive m-superharmonic function on R™. To study the discrete analogue of this
situation, we introduce the following definition.

Definition 5.2.1. An m-superharmonic function s > 0 on a subset A in T is said
to be a polypotential of order m (an m-potential, for short) if the g.m-h.m of s on
AisO.

Theorem 5.2.1. If s is an m-superharmonic function on a set A in T, majorizing
an m-subharmonic function on A (in particular, if s is positive), then s is the unique
sum of an m-potential and an m-harmonic function on A.

Proof. Since s has an m-subharmonic minorant on A, let i be the g.m-h.m. of s on
A (Theorem 5.1.9). Then, p = s — h is a positive m-superharmonic function on A
and its g.m-h.m. on A is 0. Hence, p is an m-potential on A. As for the uniqueness of
representation, suppose s = p 44’ is another such representation. Then, p > B —h
sothat ' —h < 0. Similarly, h — h' <0,sothath =h and consequently, p = p.

O

Theorem 5.2.2. Let s = ($;)m>i>1 > 0 be an m-superharmonic function on A.
Then, s is an m-potential if and only if every s; is a potential on A.

Proof. Let s be an m-potential on A. Suppose s; is not a potential for some j,
m > j > 1. Let h; be the g.h.m. of s; in A. Then, as in Theorem 5.1.9, we can
construct an m-harmonic minorant h = (h;)m,>;>1 of s on A such that h; = 0 if
1 < j. Since h is not the zero function, s cannot be an m-potential, a contradiction.

Conversely, suppose every s; is a potential on A. Let h = (h;)m>i>1 be the
g.m-h.m. of s on A. Since 0 < hy < s1 on A, hy = 0. Since (—A)hy = hq, we
conclude that is ho harmonic on A. Again, 0 < hy < s and s is a potential on A
lead to the conclusion hy = 0. Proceeding similarly, we show that h = 0. Hence, s
is an m-potential on A. O

Corollary 5.2.3. Let s = (8;)m>i>1 be an m-superharmonic function on a subset
AinT. Suppose q is a potential on A such that for each i, |s;| < q outside a finite
setin A. Then, s is an m-potential on A.

Proof. First note that if u is a superharmonic function on A and |u| < p outside a
finite set F', where p is a potential on A, then u is a potential on A. For, F’ being
a finite set, we can find a potential majorizing |u| on F'. Hence, we can assume
that |u| < p on A. Since the superharmonic function u majorizes the subharmonic
function —p on A, u = p1 + h where p; is a potential and & is harmonic on A. Now,
the subharmonic function || < p + p; on A. Consequently, h = 0 and u is the
potential p; on A.

In this corollary, since s; is superharmonic on A such that |s1| < ¢ outside a
finite set in A, s; should be a potential on A. Since (—A)ss = s1 > 0 on A, s9
is a superharmonic function on A. By hypothesis, |s2| < ¢ outside a finite set in A
and hence s, is a potential on A. A similar procedure shows that s; is a potential for
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each i, m >4 > 1. Hence, by the above theorem, s = (Si)mzizl is an m-potential
on A. O

In a tree, there may or may not be any positive m-potential. This is the case
even in the classical potential theory on the Euclidean spaces. For example, when
m = 2, we have a positive bi-potential (p2, p1) on R™ if and only if n > 5. Since
(—A) |z[*™ = ¢ |2|*™, for some ¢, > 0 and n > 5, (|x|4*",cn |x|2*”) is
a bi-potential. We shall say that T' is an m-potential tree if there exists a positive

m-potential on T. If we know that there exists at least one m-potential on 7', then
we can construct many m-potentials with varied properties.

Theorem 5.2.4. Let QQ = (Q;)m>i>1 be a positive m-potential on a subset Ain T.
Let py be a positive potential on A such that py < Q1. Then there exists a unique
m-potential p = (p;)m>i>1 generated by py such that p; < Q; form > i > 1.

Proof. Choose a function s; on T such that (—A)s; = p; on A. By hypothesis,
0
(=A)Q2 = Q1 > p1 on A. Choose a superharmonic function ¢; on T such that

(—A)t; = Q1 — p1on 21. Then, Q2 = s1 + t1+ (a harmonic function k1) on A.
Since ()2 > 0, the superharmonic function s; has a subharmonic minorant on
A, so that s; = py + ho on A where ps is a potential and ho is harmonic on A;
similarly, t; = py + hy on A. Thus, Qo = (pa + py) + (ha + hy + hi) on A.
Equating the potential parts, we have Q2 = ps + pIQ. Hence, po < @Q2; note that

0
(~A)ps = (~A)s1 = pron A.

Proceeding in a similar manner, we construct potentials p; on A such that p; <
Q; for every i, m > i > 1, and that p = (p;)m>i>1 is an m-potential on A. As
for the uniqueness, suppose (G, Gm-1, ---, g2, P1) is another m-potential generated

0
by p1 on A. Since (—A)ps = p1 = (—A)g2 on A, we conclude that p; = g2+ (a
harmonic function) on A. Hence, po = g2 since py and g are potentials on A. A
similar procedure leads to the conclusion that p; generates a unique potential on A.
O

Corollary 5.2.5. If T is an m-potential tree, then any potential py with finite
harmonic support generates a unique m-potential on T

Proof. Let Q = (Qi)m>i>1 be an m-potential on T'. Since p; has finite harmonic
support, p1 < a1 on T for some o > 0, by the Domination Principle (Theorem
3.3.6); and a@ = (aQ;)m>i>1 is an m-potential on 7. Hence, by the above
theorem, p; generates an m-potential on 7. O

m-harmonic Green function. Let T' be an m-potential tree. For a given vertex v, let
Gy(x) denote the Green function on T, with point harmonic support at {y} . Then,
by Corollary 5.2.5, G1(z,y) = Gy (x) generates a unique m-potential

G?(Jm) (33) —Gm (l‘, y) = (Gm(a';7 y), ...,Go (QT, y), G1 (-757 y))
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on 7" which we shall refer to as the m-harmonic Green function of T' with point
support {y} . We write (—A)"G{™ (z) = 6,(x). Since Gy(x, y), as a function of
x is a potential on T when y is fixed, it has a representation (Theorem 3.3.1)

Ga(w,y) = Y (=A)Ga(z,y)G1(x,2)

z€T

where the Laplacian is taken in the first variable. Hence,

Go(x,y) = Z Gi1(z,9)G1(z, 2).

zeT

Similarly, G;(x,y) = > G1(zi-1,9)G1(zi—2,zi—1)...G1(x, 21), for m >
21,0,2i—1€T
1> 1.

Proposition 5.2.6. If a positive potential p1 in T generates an m-potential p =

(Pi)m>i>1, then pi(z) = > (—A)p1(2)Gi(x, 2), forall i, m > i > 1.
zeT

Proof. Since po is a potential and (—A)py = p1, we write

p2(x) = > (=A)p2(21)G1(, 21)

z21E€T

Y. pi(z1)Gi(, 21)

z1€T

> [ > (_A)Pl(zz)GﬂZhZz)] Gi(z, 1)

z21€T |22€T

E(- A1 (22) | Gl 2)G (e,

Z2

= > (—=A)p1(22)Ga(x, 22)

z2€T
= > (=A)p1(2)G2(z, 2).
zeT
Similarly, p;(z) = >_.cp(=A)p1(2)Gi(z, 2), forall 4, m > i > 1. O

Theorem 5.2.7. Assume there are positive potentials on T. Let G1(x,y) denote the
Green function on T such that (—A)G1(x,y) = §,(x). Then T is an m-potential
tree if and only if for a pair (and hence for every pair) of vertices u and v in T,

G (u,v) = Z G1(u,z1)G1(#1, 22)...G1(zm—1,v) < 00.

21522552 m—1
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Proof. If the above sum is finite, take u = 21 = 29 = ... = Zz,_2. Since
Gi(u,u) < oo, we find that > Gi(u,2zm-1)G1(zm-1,v) < oo. Hence,

Zm—1
q2(z) = > Gi(x, 2m-1)G1(2m—1,v) is a potential on 7" such that (—A)ga(z) =
Zm—1

G1(z,v). Similarly, since

Z Gl(U,mez)Gl (Zm7272m71)G1(melav) < 00,

Zm—2,2m—1

we conclude that > G1(u, zm—2)g2(2m—2) < oo. Hence,

Zm—2
gs(x) = > Gi(x,zm—2)g2(zm—2) is a potential and (—A)gs(z) = go(x).
Zm—2
Proceeding similarly, we construct the potential ¢; for which (—A)g; = gj-1,

2 < j < m, where ¢1(z) = Gi(z,v). This means that ¢ = (g;)m>i>1 is an
m-potential on T" and hence 7' is an m-potential tree.
Conversely, if T is an m-potential tree, then the m-harmonic Green function

Gém) () = (G (x,y), ..., G2(z,y), G1 (z,y)) exists on T. Here,

CGm(z,y)= Y. Gi(z,21)G1(21,2)..G1(z2m-1,9)

21,%225--8m—1

is a potential on 7" and hence is finite for every pair of vertices x and y. a

Proposition 5.2.8. If T is a standard homogeneous tree where each vertex has
degree q + 1,q > 2, and the transition probabilities are all (q + 1)~, then T
is a bi-potential tree.

Proof. Let T be a standard homogeneous tree of degree ¢ + 1, ¢ > 2; that is, every
vertex in 7" has ¢ + 1 neighbours [31, p.262 and p.212]. Let d(s, t) be the length of
the (geodesic) path connecting s to T Then, d(s,t) = 1 if and only if s ~ ¢ and
d(s, s2) =d(s, s1)+d(s1,s2)(mod 2). There exist positive potentials on 7" and the
Green function on 7" is G(s,t) = q_z_yqd<+,t>' Let us fix two vertices u and v ~ w.
Then, forx € T,

¢ 1
(q _ 1)2 ) qd(u7w)+d(w;u) ’

G(u,z)G(z,v) =

Since d(u, x)+d(z,v) = 1(mod 2), if we write A,, = {x : d(u, z) + d(x,v) = n},
then n is odd and T = UA,. Now, |d(u,z) —d(x,v)| < 1, and d(u,x) =
d(z,v) £ 1, so that if z € A,,, then d(u, z) = 25+ or d(z,v) = “;L. This implies
that card {A,,} < 2(q + 1)%1 Hence,

2 1 (q+ 1)%

n—1 q
Gu,z)G(xz,v) <2(g+1) 2 ——=.— = A\——,
3 Glualen) < e+ )Tl =a
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(g—1)%"
This last series converges since ¢ > 2. Hence, by Theorem 5.2.7, T' is a bi-potential
tree. (]

where A = 2(q + 1)_%.L Consequently, > G(u,2)G(z,v) < A %
zeT n

Theorem 5.2.9. T is an m-potential tree if and only if given an m-harmonic
function h = (hi)m2i21 outside a finite set, there exists a (unique) m-harmonic
Sfunction H = (H;)m>i>1 on T such that for some potential g on T, |h; — H;| < q
outside a finite set for each i.

Proof. Suppose T is an m-potential tree. Since h is harmonic outside a finite set,
there exists a harmonic function ; on 7" and a potential p; with finite harmonic
support on 7" such that |h; — Hy| < p; outside a finite set (Corollary 3.2.7). Since
p1 has finite harmonic support, it generates an m-potential p = (p;);,>;>1 on T.
Let (—A)H; = H; on T. Now, by the assumption(—A)hs = h; outside a finite

set, so that [(—A)hg — (—A)H,| < p1 = (—A)ps outside a finite set A in 7.

Write s = ho —H; +pgandt = ho —Hé —pa. Then, on T'\ A, s is superharmonic
and ¢ is subharmonic such that ¢ < s. Hence, there exists a harmonic function
hgo outside a finite set such that ¢ < hg < s. Then, as before we can find a
harmonic function u on 7" and a potential v with finite harmonic support in T’
such that |hg — u| < v outside a finite set. Set Hy = H, + u. Note (—A)H, =
(—AVH, = Hy on T and |hs — Ha| = |(ha — Hy — ho) — (u — ho)’ <p+ou
outside a finite set.

Now, since v is a potential with finite harmonic support, there exists a potential vy
on T such that (—A)v; = vonT. Hence, if g5 = p3+v1, then (—A)gz = pa+v. Set
@2 = p2 +v. Thus far, we have proved that there exist Hy such that (—A)Hy = H;
and the potential g3 such that (—A)gs = ¢2 and |he — Hz| < g9 outside a finite
setin 7.

Proceeding similarly we prove that for m > j > 3 also, there exist I{; on T such
that (—A)H,; = H;_; and a potential ¢; such that |h; — H;| < ¢, outside a finite
set in 7. Write ¢ = p1 + ¢2 + ... + ¢m. Then, H = (H;);»>i>1 is an m-harmonic
function on 7" such that |h; — H;| < ¢ outside a finite set for each i, m >4 > 1.

As for the uniqueness of the m-harmonic function H, suppose there is another m-

hi — H;| <

(2

/

harmonic function H = (Hz )m2¢21 and a potential q/ on 7" such that

ql outside a finite setin 7. Then, (H; —Hi) is harmonic on 7" and ‘Hl — Hi ’ <q+
¢ outside a finite set. Hence Hy — H, = 0. Then, (—A)(Hy— H,) = H, —H; =0,
so that (Hy — H,) is harmonic on 7". But ‘Hg - Hé‘ < q + ¢ outside a finite set.
Hence Ho — Hé = 0. This procedure establishes H; = H; forall i, m >4 > 1.

To prove the converse, first note that the assumption in the theorem implies that
there are positive potentials on 7'. Choose a potential p; in T" with finite harmonic

support A. Let p = (p;)m>i>1 be an m-superharmonic function generated by py.
This should be m-harmonic outside A. Hence, by the assumption there exists an



128 5 Polyharmonic Functions on Trees

m-harmonic function H = (H;),>;>1 on T and a potential ¢ such that [p; — H;| <
q outside a finite set. Set s; = p; — H; on T. Then, s = (8;)m>i>1 i an m-
superharmonic function on 7" and |s;| < g outside a finite set for each 4. This implies
that s is an m-potential on T" (Corollary 5.2.3). O

If s = (8;)m>i>1 is an m-superharmonic function on 7" and if A is the harmonic
support of s1, then we say that the m-harmonic support of s is A.

Theorem 5.2.10. (Domination Principle for m-potentials) Let s = (8;)m>i>1 be
a positive m-superharmonic function and p = (p;)m>i>1 be an m-potential on T.
Let A be a subset of T' containing the m-harmonic support of p. Suppose s1 > p1
onA.Then, s > pon'T.

Proof. By Theorem 3.3.6, the fact that s; > p; on A implies that s; > p; on T
Let (—A)u = s1 — p1 = (—A)s2 — (—A)pa. Then, u is superharmonic on 7" and
u + po—+ (a harmonic function)= sy > 0.

Since u has a subharmonic minorant on 7', it is the unique sum of a potential ¢
and a harmonic function on T'. Hence, so = ¢ + p2+ (a harmonic function) on 7'.

Use now the uniqueness of decomposition of s as the sum of a potential and
a non-negative harmonic function to conclude that so > ¢ + p2 > p2. A similar
procedure leads to the conclusion s; > p; foreach i, m > ¢ > 1. O

Theorem 5.2.11. (Balayage of m-potentials) Let p = (p;)m>i>1 be an m-potential
onT. Let A be a subset of T'. Then, there exists an m-potential R;“ on T such that
R;;‘ <ponT, R;;‘ = p+ (an (m — 1)-harmonic function) at each vertex of A and
Rﬁ is m-harmonic at each vertex on T\ A.

Proof. By Theorem 3.1.10, there exists a potential g; on 7" such that ¢; < p; on T,
¢1 = p1on A and (—A)q:1(x) = 0 at each vertex € T\ A. Then, ¢; generates an
m-potential R;f = ¢ = (¢i)m>i>1 such that ¢ < p on T (Theorem 5.2.4). Since ¢;
is harmonic at each vertex of T\ A, the m-potential ¢ is m-harmonic at each vertex
of T\ A.

Further ¢; = p; on A so that (—A)gz = ¢1 = p1 = (—A)py and hence ¢o =
p2 + ho on A where ho is harmonic at each vertex of A. Let H3 be a function
defined on T such that (—A)H3 = hy on A, so that (—A)gs = (—A)ps + (—A)H3
on A, and g3 = p3 + Hs + u on A where v is harmonic at each vertex of A.
Write hs = Hs + u on A. Then, g3 = p3s + hs on A and (—A)hs = hs on
A. A similar procedure leads to the construction of (A, 1, ..., he) which is
(m — 1)-harmonic at each vertex of A; this can be identified with the m-harmonic
function & = (A, hym—1, ..., h2,0) so that ¢ = p + h on A, where h is (m — 1)-
harmonic at each vertex of A. a

Remark 5.2.1. Let p = (p;)m>i>1 be an m-potential on 7" and A be a subset
of T'. Write as above R;f‘ = ¢ = (¢)m>i>1. Let & be the family of all positive
m-superharmonic functions s = ($;)m>i>1 on T such that s; > p; on A;
consequently s; > ¢1 on A which contains the harmonic support of ¢;. Then, by
Theorem 5.2.10, s > q on T Thus, if s € &, then s > ¢ on T'. Note that ¢ € .
Hence, SlIglg s=q= R;;‘.
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5.3 Riesz-Martin Representation for Positive
m-Superharmonic Functions

A domain {? in the Euclidean space R, n > 2, is called a Green domain if the Green
function G(z,y) is well-defined on (2. Consequently, any domain in ", n > 3,
is a Green domain and in %2, (2 is a Green domain if and only if R*\(2 is not
locally polar. (A set E in R?2 is said to be locally polar if and only if there exists
a superharmonic function s on %2 such that e C {x : s(z) = oo}). In Brelot [29,

pp-111-115], we have a method to construct a compactification 1%} (called the Martin

compactification) of {2 with the following properties: Qisa compact set in which
{2 is dense open. If yg is a point fixed in {2 and if G(x, y) is the Green function, then

write
G(z,y)

ky(l’) = k(may) = G(l‘,yo)

with the convention k(yo, yo) = 1. Then, (2 is the unique metrisable compactifica-
tion (up to a homeomorphism) of {2 such that:

1. £ is dense open in the compact space (_2;
2. ky(x), y € £2, extends as a continuous function of = on ;

3. the family of these extended continuous functions on 0 separates the points X €
A=0\0.

(2 is called the Martin compactification of {2 and A = '\ {2 is called the Martin
boundary. A non-negative harmonic function u on (2 is called minimal if and only
if for any harmonic function v in £2, 0 < v < u, we have v = au for some constant
a,0<a<l.

It can be proved that every minimal harmonic function u(y) in {2 is of the form
u(yo)k(y, X) for some X € A. The points X € A corresponding to these minimal
harmonic functions are called the minimal points of A, and the set of minimal points
of A is denoted by A, called the minimal boundary. With these preliminaries, we
can state the Martin representation theorem: Let uw > 0 be a harmonic function
on (2. Then, there exists a unique Radon measure . > 0 on A with support in the

minimal boundary Ay C A suchthat u(y) = [ k(y, X)du(X), fory € £2.
XeA
In the particular case of 2 = B(0,1), the unit ball in ™, n > 2, taking

the fixed point yo as the centre 0, we find that the Martin boundary A = Q\ 2

is homeomorphic to the unit sphere S and k(y, X) is the Poisson kernel; also,

Ay = A = S. Consequently, the Martin representation is the well-known result

[13, p. 105]: If u is positive harmonic on B, then there exists a unique non-negative

regular Borel measure . on S such that u(x) = [ P(z, X)du(X), where P(z, X),
s

x € B, X € S is the Poisson kernel.
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It is easy to obtain a generalisation of the Martin representation for positive
harmonic functions on {2 to positive superharmonic functions on 2. Suppose s
is a positive superharmonic function on a Green domain {2 in R, n > 2. Then,
by the Riesz representation theorem, s is the unique sum of a potential p and a
non-negative harmonic function i on (2. Now, p can be represented in the form of
an integral C' [ G(z,y)(—Ap)(y)dy, where C' > 0 is a constant and the Radon

yen

measure (—A)p(y)dy is calculated in the sense of distributions [27, p.47]. Since
(=A)p > 0, there exists a Radon measure v = C'(—Ap). As for the non-negative
harmonic function h, we can use the Martin representation. Consequently, we have
the following Riesz-Martin representation for positive superharmonic functions: Let
s > 0 be a superharmonic function defined on a Green domain 2 in R, n > 2.
Then, there exist two non-negative Radon measures v on {2 and . on A with support
in Ay such that for x € (2,

sw) = [ i)+ [ HeX)dux)

yeN XeA;

For a deep study of Martin boundary in the context of probability theory, see
Doob [43], and Meyer [54]. Cartier [31, pp.235-237] shows how this Martin
representation for positive harmonic functions can be presented in the context of an
infinite tree. Let T be an infinite tree with the Green function G(z, y). Two paths in
T are said to be equivalent paths if they have an infinite number of common vertices.
With this equivalence relation, an equivalence class of infinite paths is called an end.

A
Let B denote the set of all ends in 1. Write 77 = T' U B. Then, [31, Theorem 1.1,

A A
p-220] a topology can be defined on T so that 7" is compact, metrisable and locally
discontinuous; B is compact, metrisable; and 7" (with its discrete topology) is dense

A
openin T .
Fix a vertex yo in T'. Let ky(z) = g((y?{]’?), for z, y in T'. Then, k,(z) can be

A
extended as a locally constant (and hence a continuous) function for x € 7' such

A
that &y, (x) = 1 (normalisation) and k,(z) > 0 for all z € T; moreover, for any
X € B, ky(X) is harmonic on T'. The compact metrisable space B is the Martin
boundary of T. Further,

1. If h(y) is a positive harmonic function on 7', then there exists a unique Borel
measure ;¢ > 0 on B such that h(y) = [ ky(X)du(X).
B

2. If s(y) is a positive superharmonic function on 7', then there exist two unique
measures ¥ > 0 on T and p > 0 on B such that s(y) = > G(y,z)v(z) +
xzeT

[ ey (X)dpa(X).
B

Thus, a positive superharmonic function on 7' is determined by two positive
measures, one defined on 7" and the other on B. We shall show now that a positive



5.3 Riesz-Martin Representation for Positive m-Superharmonic Functions 131

m-superharmonic function on an m-potential tree T' is determined by (m + 1)
uniquely defined positive measures, one on 7" and the other m measures on B.
For that, we need a Riesz-Martin representation for positive m-superharmonic
functions on an m-potential tree. First, we start with a Riesz representation for
positive m-superharmonic functions on an m-potential tree. From Theorem 5.1.10,
we have: Let T be an m-potential tree. Let s = (8;)m>i>1 be a positive m-
superharmonic function on T. Let uy be a superharmonic function on T such that
0 < uy < s1. Then, there exists an (m — 1)-potential p = (pj)m>j>2 on T such
that w = (P, Pm—1, -.., P2, U1) IS a positive m-superharmonic function on T and
0 <u < sonT.Since pis an (m — 1)-potential generated by pa, it is uniquely
determined.

Definition 5.3.1. A positive m-harmonic function h = (hi)mZizl on 71" is said to
be an m-harmonic potential if each h;, m > j > 2, is a positive potential on 7.

Remark 5.3.1. 1. From the above remark, it follows that if s = (s;)m>i>1 is
a positive m-superharmonic function on 7" and if h is a harmonic function
on T, 0 < h < s, then h generates a unique m-harmonic potential
(Pms Pm—1, ---, P2, h) on T majorized by s.

2. If h = (hj)k>;>1 is a k-harmonic potential on 7', then by adding (m — k) zeros
at the end, we can consider h = (hy, hg—1, ..., h1,0,0...,0) as a non-negative
m-harmonic function that is a k-harmonic potential on 7'.

Theorem 5.3.1. Let s = (8;)m>i>1 be a non-negative m-superharmonic function

on T. Then there exist an m-potential p and i-harmonic potentials u;, m > i > 1,
m

such that s = p+ > u; on T. Moreover, this representation is unique.
i=1

Proof. Write s; = p; + hi, where p; is a potential and h; is a non-negative
harmonic function on T'. Since p; < s1, p1 generates an m-potential p = (p;)m>i>1
and p < s. Similarly, h; generates an m-harmonic potential (if h; > 0) u,, =
(hi)m>i>1, um < son T.If hy = 0 at a vertex, then take u,, = 0. Let
V=8—p—Un = (Um,Un-1,...,02,0). Now, (—A)sy = s1 = p1 + hy =
(—A)py + (—A)hs. Hence, s3 = p2 + ha+ (a harmonic function ;) on 7.

Since sy is a positive superharmonic function and p2, hy are potentials, we
conclude &2 > 0. But &2 = wa; hence vy is a non-negative harmonic function
on 7. Further, for m > j > 2, (=A)v; = (=AQ)s; — (=AQ)p; — (—A)h,; =
Sj—1 — Pj—1 — hj_l = V-1 (taking v = O)

Since (—A)ps + (—A)hs = p2 + ho < s2 = (—A)ss, we conclude vz =
s3 — p3 — hg is superharmonic on 7'. Since p3s + hs + v3 = s3 > 0, we have
—wv3 < p3+hs; here —vs is subharmonic and ps + h3 is a potential, so that —v3 < 0.
Hence, ps + hs < s3. Then, a similar procedure as above leads to the conclusion
vy > 0. Eventually, we show that v; > 0 for all j, m > j > 2. Consequently,
(v;)m>;>2 is a non-negative (m — 1)-harmonic function on T'.

The above procedure starting with v instead of s leads to the unique decompo—
sition v = up,—1 + v , where uy,,—1 is an (m — 1)-harmonic potential and v is
a non-negative (m — 2)—harmonic function on 7. Proceeding in a similar manner,
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finally we arrive at the unique decomposition
S =P+ Un+ Un-1+ ... + UL,

where p is an m-potential and u; is an i-harmonic potential (identified with a non-
negative m-harmonic function on 7). a

In an m-potential tree 7', let M be the class of measures ;> 0 on 7" such that
pi(z) = > Gy(x)p ({y}) is a potential that generates an m-potential (p;)m>i>1
yeT

onT.Let A;;m > i > 1, be the class of measures v; > 0 on the Martin boundary
B such that the non-negative harmonic function h; on 7' associated with v; [31,
p-232] generates an i-harmonic potential u; on 7. We have already remarked that if
u; = (hs, hi—1,...h1) is an i-harmonic potential generated by h1, then u; is uniquely
determined by h;. Since h; is uniquely determined by a measure v; in the class A;,
we conclude that an ¢-harmonic potential u; is uniquely determined by a measure in

the class A;.

Theorem 5.3.2. A non-negative m-superharmonic function on an m-potential tree
T is uniquely determined by (m+ 1) measures (ft, Vi, ..., V1) € M X Ay, X ... X Ay.
Proof. By Theorem 5.3.1, if s is a non-negative m-superharmonic function on an
m
m-potential tree, then s has a unique representation of the form s = p+ Y u;, where
i=1
p is an m-potential and u; is an ¢-harmonic potential on 7. Now, the m-potential
p = (Pi)m>i>1 is determined by p; which in turn is uniquely determined by the
measure (—A)p; € M. Moreover, each u; is determined by a measure v; € A;
as shown above. Consequently, the positive m-superharmonic function s on 7T is
uniquely determined by an elementin M x A, X ... X Aj. O
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